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Abstract
In general, triangular elements are most efficient to discretize arbitrary shell geome-
tries. However, in shell finite element analysis, usually quadrilateral elements are
used due to their better performance. Indeed, there does not exist yet a "uniformly
optimal" triangular shell element. The work in this thesis focuses on the development
of continuum mechanics based triangular shell elements (of low and high order) which
overcome the known disadvantages and show uniform optimal convergence.
As the shell thickness decreases, the behavior of shell structures falls into one of
three categories (bending dominated, membrane dominated or mixed problems) de-
pending on the shell geometry and the boundary conditions. We develop a numerical
scheme to evaluate the behavior of shells and perform the asymptotic analysis of three
shell structures. We also present the asymptotic analysis results of a highly sensitive
shell problem which has a fluctuating load-scaling factor. These results provide basic
information for effective numerical tests of shell finite elements.
We develop a new systematic procedure for the strain interpolation of MITC
triangular shell finite elements that results into spatially isotropic elements. We
propose possible strain interpolations and develop five new specific triangular shell
finite elements. Considering the asymptotic behavior of shells, numerical tests of the
elements are performed for shell problems theoretically well chosen.
We also review the basic shell mathematical model (published by Chapelle and
Bathe) from which most mathematical shell models are derived. Using the basic shell
mathematical model in the formulation of shell elements provides insight that can be
very valuable to improve finite element formulations.
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Introduction
It is well known that a shell structure is one of most effective structures which mother
nature gives. Of course, there exist countless man-made shell structures, which have
been constructed in the human's history. Shell finite elements have been developed
for several decades and successfully used for analysis and design of shell structures [4].
Shell structures can show varying sensitivity with decreasing thickness, depending
on the shell geometry and boundary conditions. As the thickness goes to zero, the
behavior of a shell structure belongs to one of three different asymptotic categories:
the membrane-dominated, bending-dominated, or mixed shell problems. Since it
is almost impossible to analyticaly determine the category of various general shell
structures, a numerical technique is desirable.
The continuum mechanics based shell finite elements [1] have been used as the
most general curved shell finite elements. The shell elements offer significant ad-
vantages in modeling of arbitrarily complex shell geometries and in straightforward
extensions to nonlinear and dynamic analyses, and are applicable to shell structures
from thick to thin.
However, the standard displacement-based type of the element has a problem, in
that the element is too stiff for bending-dominated shell structures when the shell is
thin. In other words, the convergence property of the element in bending-dominated
problems becomes worse as the shell thickness goes to zero. The dependency of the
element behavior on thickness is called "shear and membrane locking", which is the
main obstacle in the finite element analysis of shell structures.
An ideal finite element formulation should uniformly converge to the exact solution
with the convergence rate independent of the shell geometry, asymptotic category and
12
thickness. In addition, the convergence rate should be optimal.
The main topic in shell finite element analysis has been focused on finding the
answer of the question "What is the optimal shell finite element?". The series of
studies [6-8, 24] show how to evaluate the optimality of shell finite elements and
report that the mixed shell finite element, especially using the MITC technique, is
very close to be optimal in discretizations using quadrilateral shell finite elements.
In general, triangular elements are most efficient to discretize arbitrary shell ge-
ometries. However, in shell finite analyses, usually quadrilateral elements are used due
to their better performance than observed using triangular elements. Indeed, there
does not exist yet a "uniformly optimal" triangular shell element. The development
of optimal triangular shell elements is still open and required.
Mathmatical shell models have given fundamental understanding of shell behav-
iors. Most mathmatical shell models are derived from "the basic shell mathematical
model" and it is known that "the continuum mechanics based shell model" is equiv-
alent to the basic shell model. The detailed analysis of shell finite elements based on
the basic shell model can provide valuable connections between mathematical shell
models and shell finite elements.
In chapter 1, we briefly review the fundamental theory of the asymptotic behavior
of shell structures in linear analysis. We then develop some simple algorithms to
evaluate this behavior.
In chapter 2, we perform the asymptotic analysis of three different shell problems;
the original Scordelis-Lo roof shell problem, a modified (here proposed) Scordelis-Lo
roof shell problem and the partly clamped hyperbolic paraboloid shell problem. The
three shell problems are, respectively, a mixed, membrane-dominated and bending-
dominated problem.
Chapter 3 presents a shell problem and its solution for which there is no con-
vergence to a well-defined load-scaling factor as the thickness of the shell decreases.
Such shells are unduly sensitive in their behavior because the ratio of membrane to
bending energy stored changes significantly and indeed can fluctuate with changes in
shell thickness.
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In chapter 4, a simple methodology to design spatially isotropic triangular shell
elements using the MITC technique is presented. We explain the design methodology
with some examples and apply it to obtain new possible interpolation schemes for
MITC triangular shell elements.
In chapter 5, we introduce selected triangular shell finite elements based on the
interpolation schemes proposed in chapter 4 and give numerical results evaluating the
elements. The numerical results show the performance of the new triangular elements.
In chapter 6, we briefly review the theory of the basic shell mathematical model
and present the formulation of shell finite elements based on it. We also discuss the
difference of possible displacement interpolations and compare the basic shell model
based shell element and the continuum mechanics based shell finite element.
Finally, in chapter 7 we present the conclutions.
14
Chapter 1
Asymptotic behavior of shell
structures
In this chapter, we first briefly review the fundamental theory of the asymptotic
behavior of shell structures in linear analysis. We then develop some simple algorithms
to evaluate this behavior.
1.1 Motivation
Shells are three-dimensional structures with one dimension, the thickness, small com-
pared to the other two dimensions. This geometric feature is used in shell analysis in
several respects: to define the geometry of shell structures, only the 2D mid-surface
and thickness need be defined, and to define the shell behavior, assumptions can
be used. These assumptions specifically comprise that the normal stress through
the thickness of the shell vanishes and that straight fibers originally normal to the
mid-surface remain straight during the deformation of the shell.
The major difficulties of shell analysis arise because the thickness of a shell is small.
Shell structures can show varying sensitivity with decreasing thickness, depending on
the shell geometry and boundary conditions. For a deeper understanding of the load
bearing capacity of a shell, it is therefore important to investigate the behavior of the
shell as the thickness decreases.
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It is well known that the behavior of a shell structure belongs to one of three differ-
ent asymptotic categories: the membrane-dominated, bending-dominated, or mixed
shell problems [16, 17,21,22,28]. Recently, various theoretical studies regarding the
asymptotic behavior of shell structures have been presented, see [13,16,17,23,27,29]
and the references therein. Chapelle and Bathe [16,17] presented some fundamental
aspects regarding asymptotic behavior of shell structures specific for the finite ele-
ment analysis. Pitkiranta et al. [23, 27, 29] observed the asymptotic diversity and
limit behavior of cylindrical shells with different support conditions using asymptotic
expansions of the displacement and strain fields. Blouza et al. provided further results
regarding the mixed asymptotic behavior of shell problems [13].
In spite of many theoretical studies on and the importance of the asymptotic
behavior of shell structures, simple algorithms to evaluate the asymptotic behavior
have not been proposed, and few numerical results demonstrating the asymptotic
behavior have been published.
1.2 The asymptotic behavior of shells
As the thickness of a shell structure approaches zero, the behavior of the shell generally
converges to a specific limit state. This phenomenon is called the asymptotic behavior
of shells.
Bending action, membrane action and shearing action are three basic load-bearing
mechanisms of shell structures. Therefore, shell structures under loading have three
corresponding deformation energies, which are respectively called the bending strain
energy, membrane strain energy and shear strain energy. Because the shear strain
energy is negligible when the thickness is small, the strain energy of shells mainly
consists of two parts: membrane strain energy and bending strain energy.
In the engineering literature, frequently, the problem is referred to as bending-
dominated when the shell carries the applied loads primarily by bending action, and is
referred to as membrane-dominated when the shell carries the applied loads primarily
by membrane action. This is a somewhat loose categorization and a more precise way
16
to categorize shell behavior can be used and is based on the asymptotic behavior of
the structure as its thickness decreases [13,16,17,23,27,29].
The asymptotic behavior of a shell strongly depends on the geometry of the shell
surface, the kinematic boundary conditions, and the loading. Previous studies provide
some fundamental theoretical results regarding the asymptotic behavior of shells, but
only few numerical results are available that show the actually reached asymptotic
stress, strain and energy conditions.
1.3 Fundamental asymptotic theory
We consider the linear Naghdi shell model or Koiter shell model 1, for which the
general variational form is
Find U E V such that
(1.1)
E3 Ab(UV) + EAm(U, V) = FE(V), VV E V,
where E is the thickness parameter t/L ( t is the thickness and L is the global charac-
teristic dimension of the shell structure which can be the diameter or overall length),
the bilinear form Ab represents the scaled bending energy, the bilinear form Am rep-
resents, respectively, the scaled membrane energy for the Koiter shell model and the
scaled membrane and shear energies for the Naghdi shell model, U6 is the unknown
solution (displacement field), V is the test function, V is the appropriate Sobolev
space, and F6 denotes the external loading. We recall that the bilinear forms Ab and
Am are independent of the thickness parameter E.
To establish the asymptotic behavior as E approaches zero, we introduce the scaled
loading in the form
F6 (V) = EPG(V), (1.2)
in which p is an exponent denoting the load-scaling factor. It can be proven that
'These models are, as in reference [17}, more appropriately referred to as the shear-membrane-
bending (s-m-b) model and membrane-bending model (m-b).
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1 < p < 3, see for example [13,17.
The following space plays a crucial role in determining what asymptotic behavior
will be observed,
Vo = {V E VIAm(V, V) = 0}. (1-3)
This space is the subspace of "pure bending displacements" (also called the subspace
of "the mid-surface inextensional displacements"). Equation (1.3) tells that all dis-
placements in Vo correspond to zero membrane and shear energies. When the content
of this subspace is only the zero displacement field (Vo = {O}), we say that "pure
bending is inhibited" (or, in short, we have an "inhibited shell"). On the other hand,
when the shell admits nonzero pure bending displacements, we say that "pure bend-
ing is non-inhibited" (we have a "non-inhibited shell"). The asymptotic behavior of
shells is highly dependent on whether or not pure bending is inhibited.
The "pure bending is non-inhibited" situation (that is, the case Vo f {O}) fre-
quently results in the bending-dominated state. Then the membrane energy term
of equation (1.1) asymptotically vanishes and with p = 3, the general form of the
bending-dominated limit problem is
Find U0 E Vo such that
(1.4)
Ab(U 0, V) = G(V), VV G Vo.
This limit problem holds only when the loading activates the pure bending displace-
ments. If the loading does not activate the pure bending displacements, that is, we
have
G(V) = 0, VV E Vo, (1.5)
then the solution of the shell problem does not converge to the limit solution of
the bending-dominated case, and the theoretical asymptotic behavior is as for the
inhibited case, but very unstable [16,17]. Namely, only a small perturbation in the
loading that does not satisfy equation (1.5) will change the asymptotic behavior to
the bending-dominated state.
Considering the "pure-bending is inhibited" situation (that is, the case Vo ={0}),
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we use the load-scaling factor p = 1 and provided the problem is well-posed obtain
the limit problem of the membrane-dominated case in the subspace Vm. This space
is larger than V because only bounded shear and membrane energies are considered.
The general form of the membrane-dominated limit problem is
Find Um C V, such that
(1.6)
A,(U', V) = G(V), VV E VM.
and this problem is well-posed provided the loading G is in the dual space of Vm. The
condition G C V is directly equivalent to
IG(V)I < C /Am(V, V), VV C Vm. (1-7)
with C a constant. Equation (1.7) ensures that the applied loading can be resisted
by membrane stresses only, and hence the condition G E V' is said to correspond
to an "admissible membrane loading". If the loading is a non-admissible membrane
loading (G V$), we have an ill-posed membrane problem. The asymptotic state
then does not correspond to membrane energy only, and the shell problem is classified
as a mixed problem.
The asymptotic categories of shell behaviors are summarized in table 1.1. Note
that the asymptotic behavior of shells contaihs important information regarding the
shell load carrying capacity. In order to accurately interpret the response of shell
structures, it is essential to understand the diversity in asymptotic shell structural
behaviors.
1.4 Geometrical rigidity
The asymptotic behavior of a shell problem depends on whether or not the shell is
inhibited. For an inhibited shell, the membrane action renders the structure rela-
tively stiff. Inhibited shells, overall, have a larger stiffness than non-inhibited shells.
Whether a shell is inhibited depends on the shell geometry and the boundary condi-
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Table 1.1: The classification of shell asymptotic behaviors
20
Case Loading Category
Loading activates pure bending displacements (i) Bending-
Non-inhibited IV c Vo such that G(V) 74 0 dominated
shell
Vo {O} Loading does not activate pure bending displacements (ii) Membrane-
dominated or mixed
G(V) = 0, VV E Vo but unstable
Admissible membrane loading (iii) Membrane-
Inhibited G c VM dominated
shell
Vo = {O} Non-admissible membrane loading (iv)
G V Vm' Mixed
Fixed boundary
Inhibited zone Inhibited zone
Asymptotic line
(a) (b)
Figure 1-1: The asymptotic lines and the inhibited zone (a) Cylindrical surface (b)
Hyperbolic surface
tions.
Mid-surfaces of shells are classified to be elliptic, parabolic, or hyperbolic surfaces
depending on whether the Gaussian curvature is positive, zero or negative, respec-
tively. The parabolic and hyperbolic surfaces have asymptotic lines, which are defined
as lines in the directions corresponding to which there is zero curvature. The dotted
lines shown in figure 1-1 are asymptotic lines. The asymptotic lines and boundary
conditions determine the inhibited zones of shells.
For example, figure 1-1-(a) shows a cylindrical, that is, a parabolic surface. The
asymptotic lines are parallel to the axial direction, and if we prescribe the displace-
ments at the ends of the two cross-sections as shown in figure 1-1-(a), the entire
corresponding band (shaded region in figure 1-1-(a)) becomes inhibited. The mid-
surface of the Scordelis-Lo roof shell problem considered below is a parabolic surface.
We also consider below the partly clamped hyperbolic paraboloid shell problem
shown schematically in figure 1-1-(b). This is a hyperbolic surface and has two asymp-
totic directions. The boundary conditions result into the inhibited region shown in
the figure.
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(a) (b) (c) (d)
Figure 1-2: Schematic regarding layers (a) Membrane compatible boundary condi-
tion (b) Membrane incompatible boundary condition (c) Geometric discontinuity (d)
Concentrated load
1.5 Layers and characteristic length
The complete stress fields of shells are divided into global smooth components and
various layer components. Layers are specifically due to discontinuities in geometry
(curvature or thickness), incompatibilities of boundary conditions, and irregularities
in the loading.
Figure 1-2 shows three examples in which layers occur. In figure 1-2-(a), the shell
support and its boundary condition are compatible such that, assuming a pure mem-
brane stress field in the shell, all equations of equilibrium are satisfied. On the other
hand, the membrane forces alone cannot satisfy the equilibrium conditions at the
fixed boundary of figure 1-2-(b). Such membrane incompatible boundary conditions
like in figure 1-2-(b) cause boundary layers, that is, localized edge effects inducing
moments. Also, kinks and other discontinuities in shell geometries and irregularities
of loadings as demonstrated in figure 1-2-(c) and (d), disturb the membrane mode of
shell behavior and induce stress layers, see for example [20, 23,31,32].
Within stress layers of shells, the displacements vary rapidly and induce concen-
trations of strain energies. The width of layers can be classified by a characteristic
length which is a function of two parameters: the shell thickness (t) and the overall
length of the shell structure (L). Using dimensional analysis, the general form of the
characteristic lengths is
LC = Ct'LI, (1.8)
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in which I is a non-negative real number and C a constant. For example,
I = 0 Lc Ct
l=O= L= Ct2L2
2
1 =3 L,= Ct3L (1.9)
3 3
S= Lc Ct4 L44
Equation (1.8) shows that the shortest characteristic length is Ct which corre-
sponds to 1 = 0, and the characteristic length is CL when 1 1. Reference [23]
discusses stress layers of various characteristic lengths considering cylindrical shells.
1.6 Load-scaling factor
As already noted, shell structures efficiently support applied external forces by virtue
of their geometrical forms. Shells, due to their curvature, are much stiffer and stronger
than other structural forms. For this reason, shells are sometimes referred to as "form
resistant structures". This property means that the stiffness to weight ratio of a shell
structure is usually much larger than that of other structural systems having the
same span and overall dimensions. In this section, we briefly discuss the asymptotic
stiffness of shell structures.
We stated in section 2.1 that the asymptotic behavior of shells can be associated
with just one real number, namely the load-scaling factor p, for which we have 1 <
p < 3 .
In engineering practice, the information as to what load-scaling factor pertains to
the shell considered is important for the design because the stiffness of the structure
varies with EP. However, it is usually impossible to analytically calculate the proper
load-scaling factor for a general shell problem. In this section, we discuss some basic
concepts to experimentally find the value through finite element solutions.
Consider the Gedankenexperiment shown in figure 1-3. The equilibrium equation
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PK(s ) = KO& P
Figure 1-3: Gedankenexperiment using a spring
of the model is
(KoE&) .6 = P, (1.10)
in which KO is a constant, E is a thickness parameter, p is a scaling factor, P is the
applied loading to the spring and 6 is the displacement at the point of load application.
The strain energy of the model subjected to the scaled loading P = PoEy is
P 2  p 2
_____ 
_ 0 (1.11)
2K(e) 2Ko
Note that the strain energy is a function of E. Dividing E(E) by Et, the scaled
energy (Eo) is obtained:
E(E) RP2Eo = 0E(-. (1.12)
eP 2KO
Hence the scaled strain energy varies with 0"-. If the exponent p of the applied
scaled loading is larger than the appropriate load-scaling factor p, the scaled strain
energy will asymptotically vanish as E -+ 0. If p is smaller than p, the scaled strain
energy will blow up. The condition that the scaled strain energy does not approach
infinity or zero and be a constant value, that is ( L), is that the exponent p of
the applied scaled loading be equal to the appropriate load-scaling factor p. This is
an important observation in order to identify the appropriate load-scaling factor of
arbitrary shell problems.
Applying a constant loading (p = 0 in equation (1.11)), we obtain the strain
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energy as a function of E only and have
p2
log(E(s)) = log( ) - plog(E). (1.13)
2K 0
This equation shows that the proper load-scaling factor p of the considered shell
problem is nothing but the slope in the log E to log E graph. This feature can also be
used to find the proper load-scaling factor of arbitrary shell problems.
The strain energy of the general shell problem considered in equation (1.1) is
E(E) = -[E Ab(U', U') + eAm(U', Us)] (1.14)
2
and we can use the thoughts given in the above Gedankenexperiment when E -+ 0 to
evaluate the appropriate load-scaling factor.
Lovadina [26] investigated the asymptotic behavior of the strain energy of shells
by means of real interpolation theory and established (under certain conditions) the
relation
lim R(E) = (1.15)6-0o 2
where R(c) denotes the proportion of bending strain energy
E3Ab(Ue, UC)
E3Ab(UE, Ue) + EAm(Ue, (U1.)1
Equation (1.15) can be used to calculate the proper load-scaling factor for a shell from
the proportion of bending strain energy to total strain energy stored in the shell; and,
vice versa, if p is known, the bending energy as a proportion of the total strain energy
can be calculated.
1.7 Remarks on finite element schemes
To this point, we reviewed some general theory regarding the asymptotic behavior of
shell mathematical models. We next might ask, whether, as the thickness of a shell
structure decreases, shell finite element discretizations can accurately calculate the
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correct various asymptotic behaviors. To test finite element schemes for this purpose,
we need a special series of benchmark problems, which reflect the various asymptotic
behaviors of shell mathematical models.
The usual heretofore performed benchmark analyses are not sufficiently compre-
hensive and deep. The solutions provide only a few displacement or stress values at
one or two locations of the structure as reference values, and just one shell thickness
is considered. Thus, the results cannot reflect the complete behavior of the finite ele-
ment schemes, which should be tested on bending-dominated, membrane-dominated,
and mixed state problems as the shell thicknesses decrease [16].
A major difficulty in the development of shell finite elements is the locking phe-
nomenon for non-inhibited shells. When the subspaces of the finite element approx-
imations do not contain the pure bending displacement fields in a sufficiently rich
manner, membrane and shear locking, in global and local forms, occur. Then, as
the shell thickness decreases, the finite element solution convergence rate deteriorates
drastically, and in the worst case the solution tends to a zero displacement field.
An ideal finite element solution scheme is locking-free, satisfies the ellipticity and
consistency conditions and provides optimal convergence [4]. To establish whether
a given shell finite element procedure is effective, numerical tests need to be per-
formed, and these include the inf-sup test and the solution of well-chosen benchmark
problems [5-7,16]. The solutions given in the next chapter are valuable in providing
basic information regarding some shell problems, and therefore for the selection of
appropriate benchmark tests.
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Chapter 2
Asymptotic analysis by numerical
experiments
In this chapter, we perform the asymptotic analysis of three different shell problems;
the original Scordelis-Lo roof shell problem, a modified (here proposed) Scordelis-Lo
roof shell problem and the partly clamped hyperbolic paraboloid shell problem. The
three shell problems are, respectively, a mixed, membrane-dominated and bending-
dominated problem.
Due to the difficulty of reaching analytical solutions for these problems, finite ele-
ment solutions based on fine meshes are given. The MITC 4-node shell finite element
implemented by degenerating the three-dimensional continuum to shell behavior is
used for the numerical experiments [4]. Hence the finite element discretization, as
used in this study, actually provides solutions of the "basic shell model" identified
and analyzed by Chapelle and Bathe [17,18]. However, as shown in these references,
when the shell thickness decreases, the basic shell mathematical model converges to
the Naghdi model, and hence the above discussion regarding asymptotic behaviors is
directly applicable.
The results of the analyses show the asymptotic behaviors of the shell problems
with respect to deformations, energy distributions, layers and load-scaling factors, as
the thicknesses of the considered shell structures become small.
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2.1 Original Scordelis-Lo roof shell problem
We consider the original Scordelis-Lo roof shell problem as an example of an asymp-
totically mixed case. The problem is described in figure 2-1. The shell surface is a
segment of a cylinder, and hence it is a parabolic surface. The shell has zero curvature
in the axial direction and a uniform curvature in the circumferential direction. The
asymptotic lines are in the axial direction.
Considering the boundary conditions, at the diaphragms the two displacements
in the X- and Z-directions are constrained to be zero. Pure bending is obviously
inhibited for the entire area of the shell. Therefore, this problem is a membrane
dominated problem provided an admissible membrane loading is used (G c V ).
However, in the original version of this problem, considered in this section, the shell is
subjected to self-weight loading, see figure 2-1, which corresponds to a non-admissible
membrane loading (G ( V ' ), as proven in reference [16].
An analytical solution does not exist for this problem. The reference value repre-
senting the (total) response in benchmark solutions is the Z-directional deflection at
the midpoint of the free edge (Point A). The deflection at point A calculated using
a very fine mesh is 0.3024 when t = 0.25.
Due to symmetry, we can limit our calculations to the shaded region ABCD. We
use a 72 x 72 element mesh for all Scordelis-Lo roof shell solutions which is sufficiently
fine to perform the asymptotic analysis of these problems.
The scaled loadings, q, used are given by the factor qo(e, p) in table 2.1,
q = qo(E, /) x 90. (2.1)
Table 2.2 shows the scaled calculated total strain energy of the quarter shell
Eo(E,,p) = E(E, p) (2.2)qo(E, p)
and the corresponding proportion of bending energy as E becomes very small. The
table shows that the scaled strain energy corresponding to F oc 6 increases, while
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ZFixed C
sym Diaphragm
Freem x
A
2L
R A
Young 's Modulus = 4.32 X 108
Poisson's Ratio 0.0
L = 25
R=25
Self-weight = 90 / unit surface area
Figure 2-1: Original Scordelis-Lo roof shell problem
Table 2.1: Scale coefficients qo(e, p) for generating scaled loadings (Note that, of
course, the second and third columns of the table can directly be inferred from the
first column)
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E(= tL) F oc 6, p = 1 F oC E2 , p =2 FocE , p = 3
0.01 1.OE+00 1.OE+00 1.OE+00
0.001 1.OE-01 1.OE-02 1.OE-03
0.0001 1.OE-02 1.OE-04 1.OE-06
0.00001 1.OE-03 1.OE-06 1.0E-09
0.000001 1.OE-04 1.OE-08 1.OE-12
Table 2.2: Scaled strain energy for the original Scordelis-Lo roof shell problem
(Eo(E, p)) (Note that, of course, the second and third columns of the table can directly
be inferred from the first column)
e(= t/L) F oc e F oc E2  F oc e3  R(E)
0.01 1.20892E+03 1.20892E+03 1.20892E+03 0.522154
0.001 6.99828E+03 6.99828E+02 6.99828E+01 0.399277
0.0001 3.89610E+04 3.89610E+02 3.89610E+00 0.367219
0.00001 2.11544E+05 2.11544E+02 2.11544E-01 0.366451
0.000001 1. 13502E+06 1. 13502E+02 1. 13502E-02 0.362567
the scaled strain energies corresponding to F oc E2 and F oc E3 decrease. This means
that the proper load-scaling factor of the considered shell problem lies between 1.0
and 2.0, and hence, of course, this shell problem is a mixed problem. In accordance
with this observation, the proportion of bending energy, R(e) in equation (1.16),
asymptotically converges to a value between 0.0 and 0.5.
Using these results, we can directly graphically calculate the proper load-scaling
factor using figure 2-2-(a). As noted in the Gedankenexperiment, if the proper load-
scaling factor p is used as yt for the scaled loading, the slope of the line corresponding
to the scaled energy is zero. This zero slope corresponds to a value of p ~ 1.72.
A more direct way to calculate the proper load-scaling factor is to use a constant
loading (F oc &O) and equation (1.13). Then, using two different strain energies
corresponding to two different thicknesses, it is possible to estimate the proper load-
scaling factor as
_ log E(e1) - log E(E2)P = _ - 0 l-19E (2.3)log ei- log e 2
in which E(E1 ) and E(e2) are, respectively, the total strain energies corresponding to
El and E2 when a constant loading is applied. The proper load-scaling factor p is the
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Figure 2-2: The graphical representation of the proper load-scaling factor for the
original Scordelis-Lo roof shell problem (a) Scaled strain energy (b) Calculated load-
scaling factor using equation (2.3)
limit value of equation (2.3) as the thickness approaches zero:
p= lim ;5.
E1,62 0
(2.4)
Table 2.3 and figure 2-2-(b) show that the values calculated by equation (2.3)
asymptotically converge to the proper load-scaling factor p 1. Note also that just two
points to define the straight line(s) in figure 2-2-(a) and to calculate p in equation
(2.3) would in practice be sufficient.
The load-scaling factor p calculated by Lovadina's equation, equation (1.15), is
1.725134 when E = 0.000001, which is almost the same result. It requires some
computations to extract the bending energy from the total strain energy of the con-
sidered shell problem. However, once p is known from figure 2-2 the bending energy
can directly be calculated.
Figure 2-3-(a) and figure 2-3-(b) show the deflections along the sections DA and
11.75 is the analytical value of p, see reference [17].
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(b)
Table 2.3: The load-scaling factor calculated by the total strain energies corresponding
to constant loading for the original Scordelis-Lo roof shell problem
E(= t/L) Total energy (F oc O)
0.01 1.20892E+03
1.76259
0.001 6.99828E+04
1.74564
0.0001 3.89610E+06
1.73477
0.00001 2.11544E+08
1.72960
0.000001 1.13502E+10
BA in figure 2-1. These results are Z-directional deflections normalized by the magni-
tude of deflection at point A. The normalized deflection along the section DA keeps
(almost) the same shape for decreasing thickness, while the normalized deflection
along the section BA shows a singular behavior at the free edge as the thickness
approaches zero. The stress concentration is a result of the disturbance of membrane
equilibrium at the free boundary edge caused by the non-admissible membrane load-
ing, resulting in concentrating bending strain energy. This explains why this problem
is asymptotically not a pure membrane problem in spite of its inhibited geometry.
It is possible to identify the characteristic length of the layer at the free boundary
from figure 2-3-(b). We select the distance measured from the free edge to the first
peak of the normalized deflection corresponding to each t as the width of the layer
(distance d in figure 2-3-(b)). Table 2.4 summarizes the computed values for d and
figure 2-4 shows these results graphically. We see that in this case in equation (1.8),
by curve fitting, C ~ 5.35 and 1 - 1 ~ 0.25.
Finally, it is valuable to consider the asymptotic change of energy distributions.
Figures 2-5, 2-6 and 2-7 show the energy distributions corresponding to the total
strain energy, bending strain energy only and membrane strain energy only, each
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Table 2.4: The angular distance d measured from the free edge to the first peak of
the normalized deflection for the original Scordelis-Lo roof shell problem. Note that
the actual distance is d7rR/180.
0.25
0
-0.25
-0.5
-0.75
-1
0 5 10 15 20 25 0 8 16 24 32 40
0
(b)(a)
Figure 2-3: The normalized deflection for the original Scordelis-Lo roof shell problem
(a) along DA (b) along BA
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Thickness Computed distance d Distance d by formula
t (L, in equation (1.8)) d = 5.35L0-75tO.2 5 , L = 25
0.25 40.0000 42.2955
0.025 23.3333 23.7845
0.0025 13.3333 13.3750
0.00025 7.77778 7.52132
0.000025 4.44444 4.22954
0
-0.2
-0.4
-0.6
-0.8
-1
-E--E t/R = 0.01
A--A- t/R = 0.001
-e-e- t/R = 0.0001
-e- t/R = 0.00001
-4- t/R = 0.000001
-
I
-9 -9- t/R = 0.01
-A--A t/R = 0.001
-E4 t/R = 0.0001
-e-e- t/R = 0.00001
-+-+- t/R = 0.000001
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thickness t
Figure 2-4: The free edge boundary layer width for the original Scordelis-Lo roof shell
problem
time given as energies per unit surface-area normalized by the total strain energy
stored in the quarter shell structure.
The areas ABCD in figures 2-5, 2-6 and 2-7 correspond to the area ABCD in
figure 2-1. Figure 2-5 shows that the energy becomes concentrated in the free edge
boundary layer as the thickness approaches zero. Figure 2-6 shows that the bending
strain energy does not asymptotically approach zero but concentrates near the free
edge. Comparing this figure with figure 2-3-(b), we see that the bending strain energy
is concentrated around the first peak in figure 2-3-(b). This prevents this shell problem
from being a pure membrane problem and keeps a balance of membrane and bending
strain energies. Clearly, it is the concentration of the bending strain energy in the
free edge boundary layer that results in the mixed state of the asymptotic behavior.
Figure 2-7 shows that the membrane strain energy is also asymptotically concentrated
near the free edge.
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Figure 2-5: Strain energy distribution for
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2.2 Modified Scordelis-Lo roof shell problem
In the original Scordelis-Lo roof shell problem, the shell is subjected to a uniformly
distributed loading which does not correspond to a membrane admissible loading.
This condition renders the problem to be an asymptotically mixed shell problem.
Here we are interested in changing this problem into a membrane-dominated problem
by using another applied loading instead of the uniform loading without changing
the geometry and constraints. To achieve this objective, the newly applied loading
should not induce a concentration of strain energy at the free boundary. Figure 2-8
shows the profile of the proposed loading using the ( and 2 coordinates defined in
figure 2-1.
The new distributed loading on the 2D shell surface is acting into the negative
Z-direction with magnitude
q(' 1 , 2) = c(5 A) x e8(d)2 -e- I. - e}, (2.5)
where qo(e, p) is the scaling coefficient for generating the scaled applied loading given
in table 2.1, and d, and d2 are, respectively, the distances measured along ' from B
to C and along 2 from B to A in figure 2-1.
Table 2.5 and figure 2-9-(a) show that the scaled strain energy corresponding to
F oc E becomes a constant value whereas the scaled strain energies corresponding to
F Oc E2 and F oc E' decrease and approach zero. Therefore, the proper load-scaling
factor of this shell problem is clearly 1.0. Accordingly, also, the value of R(e) in table
2.5 tends to zero. In figure 2-9-(b), the load-scaling factor calculated by equation
(2.3) converges to 1.0 as the thickness decreases. All of these results mean that in
this problem, asymptotically only membrane strain energy is encountered.
Figures 2-10-(a) and (b) show the normalized deflections along the sections CB
and BA in figure 2-1. The results in the figures are normalized by the value at point
B. The normalized deflections along the section CB have almost the same shape for
various thicknesses, while the normalized deflections along the section BA converge
to a specific limit shape as the thickness decreases. No strain layer is observed in
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Scaled strain energy for the modified Scordelis-Lo roof shell problem
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Table 2.5:
(Eo(e, fp))
E(= t/L) F ocE F oc E2  F oc E3 R(e)
0.01 1.84299E-03 1.84299E-03 1.84299E-03 0.363274
0.001 5.13474E-03 5.13474E-04 5.13474E-05 0.151134
0.0001 7.49566E-03 7.49566E-05 7.49566E-07 0.021661
0.00001 7.69900E-03 7.69900E-06 7.69900E-09 0.000374
0.000001 7.70523E-03 7.70523E-07 7.70523E-11 0.000040
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Figure 2-9: The graphical representation of the proper load-scaling factor for the
modified Scordelis-Lo roof shell problem (a) Scaled strain energy (b) Calculated load-
scaling factor using equation (2.3)
these two figures.
Figure 2-11 shows 2 that the strain energy becomes large near point B as the
thickness decreases, but the overall energy distribution does not vary significantly
once E has reached the value of 0.0001. Considering figure 2-12, we see that the
bending strain energy asymptotically vanishes over the complete shell surface, while
figure 2-13 shows that the distribution of membrane strain energy asymptotically
converges to the distribution of the total strain energy shown in figure 2-11.
These results show that this is a membrane-dominated shell problem and that
merely the use of the new load distribution induced a dramatic change in the asymp-
totic behavior.
2 For better readability, the results in figures 2-11 to 2-13 are plotted using a 36 x 36 element
mesh, but these are identical to the results obtained using the 72 x 72 mesh.
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Figure 2-10: The normalized deflection for the modified Scordelis-Lo roof shell prob-
lem (a) along CB (b) along BA
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Figure 2-11: Strain energy distribution for the modified Scordelis-Lo roof shell prob-
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Figure 2-12: Bending energy distribution for the modified Scordelis-Lo roof shell
problem (a) E = 0.01 (b) E = 0.001 (c) E = 0.0001 (d) e = 0.00001 (e) E = 0.000001
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Figure 2-13: Membrane energy distribution for the modified Scordelis-Lo roof shell
problem (a) 6 = 0.01 (b) e = 0.001 (c) E = 0.0001 (d) E = 0.00001 (e) E = 0.000001
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2.3 Partly clamped hyperbolic paraboloid shell prob-
lem
This shell problem is classified as a bending dominated problem. The problem was
suggested in reference [16] as a good problem to test finite element procedures as to
whether or not a scheme locks. The surface is defined as
x ([
2 2Y) = L (2 2 ) ; (g1 E2 '232 (2.6)
Z ( 1)2 _ ( 2) 2
and clamped along the side Y = -L/2. The structure is loaded by its self-weight.
By symmetry, only one half of the surface needs to be considered in the analysis
(the shaded region ABCD in figure 2-14), with clamped boundary conditions along
BC and symmetry conditions along AB. As mentioned already, this shell problem
has a triangular inhibited area defined by the points C, B, and the midpoint of BA.
For the finite element analysis we use a uniform 144 x 72 element mesh, which is
considered sufficiently fine.
The scaled loading (force per unit area) for the asymptotic analysis is
q = qo(F, p) x 80, (2.7)
where qo(e, p) is the scaling coefficient for generating the scaled applied loading and
is given in table 2.1.
We use the scaled loadings with p = 1, 2, 3. Table 2.6 and figure 2-15-(a) show the
scaled strain energies calculated in the finite element solutions. The results show that
the scaled strain energies corresponding to F oc e and F oc E2 continuously increase,
while the scaled strain energy corresponding to F oc E3 converges to a constant value.
The proportion of bending energy given by R(E) in table 2.6 converges to 1.0 as
the thickness of the shell decreases. In addition, the load-scaling factor calculated by
equation (2.3) converges to 3.0, see figure 2-15-(b). Therefore, the proper load-scaling
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Figure 2-14: Partly clamped hyperbolic paraboloid shell problem
factor of this shell problem is 3.0 which corresponds of course to a bending dominated
problem.
Figures 2-16-(a) and 2-16-(b) show the normalized Z-directional deflections along
the sections BA and AD. The deflections are normalized by the values at point A
and point D, respectively. The two figures show that there exists a specific limit
displacement shape.
Figures 2-17, 2-18, and 2-19 illustrate3 the asymptotic changes in total strain
energy, bending energy and membrane energy. We note that asymptotically the
distributions of bending and total strain energies are the same. The strain energy in
the inhibited area is very small and there is a significant strain energy concentration
at the boundary between the inhibited area and the non-inhibited area. This energy
concentration is due to the discontinuity in geometric rigidity between these areas.
The observed inner layers are located along the asymptotic lines of the shell starting
at the corners.
Finally, we would like to mention that it would be valuable to further study the
strain concentration at the corner point C which in the solutions disappears as the
3For better readability, the results in figures 2-17 to 2-19 are plotted using a 72 x 36 element
mesh, but these are identical to the results obtained using the 144 x 72 mesh.
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Table 2.6: Scaled strain energy for the partly clamped hyperbolic paraboloid shell
problem (Eo(E, t))
1E-5 1E-4 1E-3 1E-2
3
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1E-3,1E-4 1E-4,1E-5 1E-5,1E-6
21, 
(b)
Figure 2-15: The graphical representation of the proper load-scaling factor for the
partly clamped hyperbolic paraboloid shell problem (a) Scaled strain energy (b) Cal-
culated load-scaling factor using equation (2.3)
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E(= t/L) F oc E F oy E2  F C E3 R(E)
0.01 8.37658E-04 8.37658E-04 8.37658E-04 0.876383
0.001 5.48614E-02 5.48614E-03 5.48614E-04 0.937673
0.0001 4.46665E+00 4.46665E-02 4.46665E-04 0.969496
0.00001 4.05017E+02 4.05017E-01 4.05017E-04 0.986142
0.000001 3.88468E+04 3.88468E+00 3.88468E-04 0.994201
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Figure 2-16: The normalized deflection for the partly clamped hyperbolic paraboloid
shell problem (a) along BA (b) along AD
thickness becomes small.
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Figure 2-17: Strain energy distribution for the partly clamped hyperbolic paraboloid
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2.4 Closure
The objective of this chapter is to illustrate how an asymptotic analysis of a shell
structure can be performed. Three shell problems were analyzed and some detailed
results are presented.
Through this study, we identified boundary layers, characteristic lengths, and
proper load-scaling factors, and observed the asymptotic change of energy distri-
butions. Specifically, we observed that the proper load-scaling factor calculated by
several schemes can be used as an indicator of the asymptotic behavior of shell struc-
tures.
The study provides valuable reference values for benchmark problems to test the
robustness of shell finite elements and valuable information for engineers designing
shell structures.
Regarding the three considered shell problems, we have made the following obser-
vations:
" The original Scordelis-Lo roof shell problem is asymptotically a mixed prob-
lem. Even though pure bending is obviously inhibited in the entire shell, the
non-admissible membrane loading (the shell self-weight) induces a concentrated
strain energy layer at the free edge with bending strain energy.
" The proposed modified Scordelis-Lo roof shell problem is asymptotically a membrane-
dominated problem. Merely the use of a new load distribution in the original
Scordelis-Lo roof shell problem induces a dramatic change of asymptotic behav-
ior. This example illustrates not only how sensitive shell structures are but also
how membrane-dominated shells behave.
" The partly clamped hyperbolic paraboloid shell problem is a representative
bending-dominated problem. The solution results illustrate the asymptotic be-
havior of bending-dominated shells, and also show how internal concentrated
energy layers can develop in a shell structure.
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Chapter 3
A shell problem highly-sensitive to
thickness changes
As we mentioned in chapter 1, shell structural problems can be identified to fall into
one of the categories of membrane-dominated, bending-dominated and mixed shell
problems. The asymptotic behavior with a well-defined load-scaling factor shows
distinctly into which category a given shell problem falls.
The objective of this chapter is to present a shell problem and its solution for
which there is no convergence to a well-defined load-scaling factor as the thickness
of the shell decreases. Such shells are unduly sensitive in their behavior because the
ratio of membrane to bending energy stored changes significantly and indeed can
fluctuate with changes in shell thickness.
In this chapter, we briefly summarize the asymptotic analysis of shell structures
and then present the specific problem considered and its numerical solution using
finite element analysis.
3.1 Asymptotic analysis
The classification of shell problems into membrane-dominated, bending-dominated
and mixed problems has been used for a long time, see for example [20,21]. How-
ever, only relatively recently, this categorization has been made more precise by
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considering the asymptotic behaviors of shells. For a detailed discussion of the
asymptotic behaviors of shell structures and some solution results, we refer to refer-
ences [2, 3, 16, 17,25, 29,32,33].
Table 1.1 summarizes the asymptotic categories of shell behaviors. The important
point is that for the shell problems referred to in table 1.1, for cases (i) and (iii) we
have the well-defined values of p = 3 and 1, respectively, and considering the mixed
case, generally, we also have a well-defined load-scaling factor. In each of these cases,
the value of p then clearly displays the category to which this shell problem belongs,
the percentage of bending and membrane energies stored asymptotically in the shell,
and hence physically the load carrying capacity of the shell.
Various numerical schemes to calculate the load-scaling factor have been presented
by Lee and Bathe [25]. One simple way to proceed is to solve the shell problem with
a constant load application and then evaluate for decreasing values of
_ log E( 1 ) - log E(E2 )
p = 0 - - 19E (3.1)log£ 1i- log £ 2
where E(61) and E(E2 ) are, respectively, the total strain energies corresponding to El
and £2 when a constant loading is applied. Then we have
p = lim p. (3.2)
E1,62-0
Lee and Bathe [25] solved, using finite element analysis, for the asymptotic behav-
ior of three shell problems, one from each category (i), (iii), and (iv). The problems
solved were a hyperbolic paraboloid shell problem, the original Scordelis-Lo roof prob-
lem and a modified Scordelis-Lo roof problem. These problems showed clear asymp-
totic states in the numerical studies corresponding to bending-dominated (p = 3),
mixed (p = 1.73) 1 and membrane-dominated (p = 1) behaviors, respectively.
Based on the experiences published regarding shell analyses, it may appear that
all shell problems, in the three categories discussed above, have well-defined values
'An analytical value of p can actually be obtained for the original Scordelis-Lo roof shell problem
and this value is p = 1.75 [17].
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of load-scaling factors. But there is of course no mathematical proof available on
which to base this expectation. Indeed, our objective with this chapter is to present
a problem, and its solution, which does not have a well-defined load-scaling factor
for the thickness values considered. These values range from E = 0.01 to e = 10-6,
with the very small values included in order to identify numerically the asymptotic
behavior ( although such small values may, at present, be considered not practical
). We selected this problem inspired by the analytical studies on simplified cases
presented by Pitkaranta and Sanchez-Palencia [30]. Physically, the shell considered is
an unduly sensitive structure in the sense that the spatial distribution of displacement
and stress response changes significantly with changes in the shell thickness. And
associated with this phenomenon, the ratio of bending energy to total strain energy
stored in the shell changes and does not converge to a specific value as the shell
thickness decreases.
3.2 The shell problem and its solution
Figure 3-1 shows the problem considered. The shell geometry corresponds to a half
sphere with the top sliced off. The shell is clamped around its entire lower boundary.
The loading corresponds to a smoothly distributed pressure load over a small part of
the interior of the shell. We perform a linear elastic analysis, assuming infinitesimally
small displacements and elastic isotropic material conditions.
For the finite element solutions, we use the MITC 4-node shell element in ADINA
[4]. The element implementation is based on the 'basic shell model' discussed by
Chapelle and Bathe [18]. The 'basic shell model' equations have the same asymptotic
behavior as the models considered in equation 1.1 when the thickness of the shell
decreases, and hence the discussion in Chapter 2 regarding the asymptotic behaviors
applies.
Figure 3-2 shows the finite element mesh used, which consists of 32 (axial) by
128 (circumferential) shell elements. This is a sufficiently fine mesh to identify and
reasonably resolve boundary layers. ( For this mesh, the total solution time on a
55
Z- I
180
| r p
Clamped 's
Y
X
R=10
v =0.3
E = 6.825 x 10 7
p(r) = e-Ir
Figure 3-1: The shell problem, L = R
Pentium III PC has only been about 10 sec ). The loading was applied by first
calculating the load intensities given by the pressure distribution at the element nodes.
Then the consistent nodal point forces corresponding to the pressure interpolated over
the elements were evaluated.
Figure 3-3 shows the calculated displacements of the shell as we decrease the
shell thickness. For plotting, the displacements are normalized in the figure so that
the maximum outward total displacement value is equal to 3.0. We note that when
the thickness is small ( that is, t/L < 1/100 ), the displacements are dominant
in the immediate vicinity of the boundary, namely within a boundary layer. This
boundary layer has a width of the order L/log(1/E), see Figure 3-4. In addition, the
displacements in the boundary layer oscillate in the circumferential direction, with the
number of oscillations given by log(1/e); that is, the number of oscillations increases
as the shell thickness decreases. We would like to emphasize that this behavior is
seen in the linear static analysis of the shell and is not a consequence of buckling or
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Figure 3-2: The finite element mesh used (the loaded area is also sgown)
large displacements. This behavior is in accordance with the theoretical predictions
published by Pitkaranta and Sanchez-Palencia [30].
Table 3.1 and figure 3-5 give the total energy for each thickness of the shell and
the calculated value of the scaling factor using equation 3.1 as the thickness decreases.
In the calculation of P, we used the specific thickness value considered and a change
of 0.1 percent thereof. The table also gives the ratio of bending energy to total strain
energy denoted as R(e) and calculated directly from the numerically obtained values
of bending and total strain energies. In addition, the proportion of bending energy
to total strain energy, denoted as R(e) calculated from the formula of ref. [3] using
the load-scaling factor is given. We see that for this shell problem we do not seem
to have convergence of the load-scaling factor, and of course neither for the value of
R. This non-convergence of the load-scaling factor is associated with the increasing
number of displacement oscillations at the free edge as the shell thickness decreases.
We also note that the formula of ref. [3] gives for this problem surprisingly accurate
results.
Finally, figure 3-5 also shows the results obtained using a finer mesh of 64x256
elements, which was employed to see whether the results change substantially if the
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Figure 3-3: The deformed shapes as the shell thickness decreases, 6 max = the maxi-
mum outward total displacement for the constant applied loading
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t1/L = 1/1000, 6m = 2.526 x 10-4
I E tIL II I I I /14
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d(= pnR /180)
Figure 3-4: Displacement S, in cross-sections in which maximum displacement occurs.
The displacement is normalized to a unit value at the free edge
Table 3.1: Strain energy, load-scaling factor and proportion of bending energy as e
decreases
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= t/L Strain energy R(e) p 2() =
1/100 1.08237E-06 0.290161 1.58021 0.290107
1/1000 2.50620E-05 0.129142 1.25834 0.129171
1/10000 4.72692E-04 0.238421 1.47708 0.238542
1/100000 1.62492E-02 0.363211 1.72666 0.363329
1/1000000 7.91755E-01 0.405001 1.81032 0.405158
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Figure 3-5: Load-scaling factor. The results when using the mesh of 32x128 elements
and using the mesh of 64x256 elements
mesh is refined. A reasonable difference in the results is seen, since the finer mesh now
represents the geometry, loading, and the boundary layers more accurately. Table 3.2
gives the displacements at point A on the free edge of the shell, see figure 3-1.
Figure 3-5 shows that the load-scaling factor for this shell problem first decreases
and then increases. In order to obtain a scaling factor that actually fluctuates, we
simply need to apply additional loading, since this is a linear problem. Figure 3-6
shows the shell with the original load plus an additional similarly applied distributed
pressure load placed at the opposite side of the shell. Figure 3-7 gives the load-scaling
factor calculated using equation 3.1 for this shell problem. We note that the load-
scaling factor and hence also the energies now oscillate, as the thickness of the shell
decreases. Additional oscillations might be obtained by applying additional similar
loadings offset at angles around the circumference.
Figure 3-7 shows also the results using the finer mesh of 64x256 elements. These
results are merely given to show that the refinement of the mesh resulted again in
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Table 3.2: Displacement components at the point right above the center of the loading
on the free boundary, point A as E decrease (ux = Oduetosymmetry )
z
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v =0.3
E = 6.825 x 10 7
p(r) = e-r'
Figure 3-6: The shell problem with two load applications
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6=t/L Uy UZ
1/100 -1.27E-06 -1.65E-06
1/1000 -1.37E-04 -2.66E-04
1/10000 -1.87E-02 -4.16E-02
1/100000 -2.96E+00 -7.13E+00
1/1000000 -5.11E+02 -1.29E+03
2.5
2.25 0 00 32x128 mesh2. 00 64x256 mesh
0
2
1.75 -
C.)
C/)
U 1.5
0
-J
1.25
1E-7 1E-6 1E-5 0.0001 0.001 0.01 0.1
tIL
Figure 3-7: Load-scaling factor. The results when using the mesh of 32x128 elements
and using the mesh of 64x256 elements
reasonable differences. All further results given below correspond to the mesh of
32x128 elements.
Figures 3-8 to 3-10 show the calculated energy distributions as the shell thickness
decreases. The results correspond to the total strain energy, bending strain energy
only and membrane strain energy only, each time given as energies per unit surface
area normalized by the total strain energy stored in the shell structure. These figures
also show that we do not have a membrane- or bending-dominated shell problem, and
they show that the dominant displacements are bending-dominated and occur in the
boundary layer as the thickness decreases.
The displacement and stress response is clearly complex and highly dependent on
the shell thickness. The results given underline the importance of using, for general
shell analysis, only finite element procedures that are able to solve accurately for
membrane, bending and mixed states of stresses and energies.
We referred earlier to the original and modified Scordelis-Lo roof shell problems.
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Figure 3-10: Membrane energy distribution (a) & 0.01 (b) e 0.001 (c) e = 0.0001
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The loading of the modified Scordelis-Lo roof problem is an element of V whereas the
loading of the original Scordelis-Lo roof problem is not an element of V . Therefore,
the load-scaling factors are p = 1 and p = 1.75, respectively. Of course, the loading
in the problem considered here is also not an element in V2, but the distinguishing
feature is that in this problem Vm is not even a space of distributions. Hence, while
the loading applied is (infinitely) smooth, it still is not an element of V$', and, physi-
cally, the possible displacements in Vm are very irregular which results in the unduly
sensitive behavior of the shell as its thickness is decreased.
Of course, as also further discussed in refs. [16, 17, 20, 21, 25, 34], this behavior
could be changed by a change in geometry or boundary conditions, including adding
a stiffener at the free edge of the shell ( which depending on the purpose of the shell
may be required in practice ).
3.3 Closure
The common experience is that a shell problem can be identified to belong to one
of the distinct categories of shell behaviors; namely bending-dominated, membrane-
dominated, and mixed behaviors. Considering an asymptotic analysis for decreasing
shell thickness, as pursued in recent years, the shell behavior is usually associated with
a well-defined load-scaling factor. This factor distinctly displays to which category
the shell behavior belongs and gives the ratios of energies ( membrane and bending
) asymptotically stored in the shell. The objective of this chapter is to present a
shell problem that does not have a well-defined load-scaling factor and for which
the displacement and stress distributions do not uniformly converge to a limit state.
Associated with this phenomenon, the ratios of membrane and bending energies to
total strain energy also do not converge as the thickness of the shell decreases.
The non-convergence of the load-scaling factor is occurring with displacement
oscillations in the boundary layer varying with the shell thickness. The fact that
these changes in the oscillations are possible, and do occur, shows the high sensitivity
of the shell problem.
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While the problem is a very interesting one to solve numerically, it is however
not a good test problem, on its own, for finite element methods. To test a finite
element procedure, more insight is gained by solving ( reasonably complex ) pure
membrane problems - to identify whether any consistency errors in the discretization
scheme are under control - and to solve ( reasonably complex ) bending-dominated
problems - to identify whether "locking" is present [5,7,17]. Of course, once a finite
element scheme has been shown to be effective for these problems, the method can
also be confidently used for highly sensitive problems, such as the one discussed in
this chapter, in which then mixed stress states need be accurately computed. Indeed,
then the shell problem discussed here is a valuable problem to solve in testing a finite
element scheme.
The change in displacement and energy distributions observed in the analysis
of the shell considered, as the thickness of the shell decreases, is a very interesting
physical phenomenon and might well be exploited in practical applications of the
future. Of course, other shell structural problems exhibit this kind of behavior as
well, and this whole class of shell problems, touched upon in this chapter, deserves
much further investigation. It would also be interesting to perform some physical (
laboratory ) experiments on the shell considered here and include nonlinear effects in
the theoretical and practical studies.
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Chapter 4
MITC triangular shell elements
Based on successful studies in the previous chapters, our next goal is to develop
optimal spatially isotropic triangular shell finite elements using the MITC technique.
In this chapter, we present the strain interpolation technique for the developement of
the new MITC triangular shell finite elements.
In the following sections, first the requirements for triangular shell finite elements
are discussed. We then briefly review the basic theory of the continuum mechan-
ics based general shell finite elements and the MITC ( Mixed-Interpolated Tensorial
Components ) technique. A simple methodology to design isotropic triangular shell
elements using the MITC technique is presented. We demonstrate the design method-
ology with some examples and apply it to develop new possible strain interpolation
schemes.
4.1 Requirements on triangular shell finite elements
The elasticity problem can be written as
Find u E V such that
(4.1)
a(u,v)=(f,v) Vv EV
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where u is the exact displacement solution of the mathematical model, v is the dis-
placement, V denotes the space of functions in which the solution lies and a(,) denotes
the bilinear form of the mathmatical model.
In the finite element formulation, the problem in equation 4.1 becomes
Find Uh E Vh such that
(4.2)
ah(uh, vh) = (f,vh) VVh E Vh
where Vh denotes the finite element solution, Vh denotes the space of functions in
which the finite element solution lies and ah(,) denotes the bilinear forms used in the
finite element discretization.
To carry out general shell finite element analyses, we need to have reliable and
efficient shell finite elements, which should satisfy the following three conditions;
" Ellipticity: In finite element analysis, the elipticity condition is defined as
3a > 0 such that Voh E Vh, ah(v, vh) > aIvhI' (4-3)
where a is a constant. This condition ensures that the finite element problem is
solvable and physically means that the problem must not have any spurious zero
energy mode. Without supports the shell finite element model should have the
exactly six zero energy modes corresponding to the physical rigid body modes.
This condition can be easily verified by counting the number of zero eigenvalues
of the stiffness matrix of one unsupported shell finite element.
" Consistency: Since the finite element discretization is based on the correspond-
ing mathematical model, the finite element solution must converge to the solu-
tion of the mathematical model as the mesh size h goes to zero,
limvh=v or limah(vh,vh)=a(v,v). (4.4)
h-0 h-+0
In other words, the bilinear forms ( ah(, ) ) used in the finite element discretiza-
tion, which may be a function of the element size h, must approach the exact
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bilinear forms ( a(, ) ) of the mathmatical model as h goes to zero.
* Inf-sup consition: Ideally, a mixed finite element discretization should satisfy
the inf-sup condition. For shell finite elements, this condition means uniformly
optimal convergence in bending-dominated shell problems. Therefore, this also
implies that the shell finite element is free from shear locking and membrane
locking for bending dominated shell problems of any thickness, with solution
accuracy being independent of the shell thickness. In spite of the importance of
this condition, it is generally not possible to analytically prove whether a shell
finite element satisfies this condition and numerical tests have been employed [6].
For triangular shell elements, one more requirement, "spatial isotropy", is desir-
able as well as the three conditions mentioned above. The "spatial isotropy" means
that the element stiffness matrices of triangular elements should not depend on the
sequence of the node numbering, i.e. the element orientation. For example, the two
one-element models in figure 4-1 should give exactly the same tip displacements for
all possible tip loads. Of course, when a spatially isotropic triangular element has
sides of equal length, the internal element displacements vary in the same manner for
each corner nodal displacement and each midside nodal displacement, respectively.
If the behavior of an element depends on its orientation, special attention must be
given to the direction of each element in the model.
In fact, this condition is a major obstacle in the construction of locking-free tri-
angular shell elements. Usually, some "averaging", "cyclic" treatments or use of
trigonometric functions have been employed to construct isotropic triangular ele-
ments without clear theoretical understanding. In the following section, we propose
a simple systematic way to construct isotropic tiangular shell elements.
If a triangular shell element satisfies all the above conditions, it is an optimal and
ideal triangular shell finite element. Such an element is very difficult to reach and we
can "soften" the requirements somewhat for practical purposes. We summarize the
practical requirements on the triangular shell finite elements as follows;
- Spatially isotropic behavior
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Figure 4-1: Two one-element models with different node numberings
- No spurious energy mode ( ellipticity condition)
- No shear locking in plate bending problems
- Reliable results for membrane dominated shell problems
- Reliable results for bending dominated shell problems in the "practical range of
- Easy extension to nonlinear analyses is directly possible ( simple formulation).
The "softening" lies in that only a practical range t/L is considered in bending
dominated shell problems.
4.2 MITC general shell finite elements
The continuum mechanics based shell finite elements are the most general and well
designed curved shell elements. However, it is well known that the displacement
based type of the elements suffers from severe locking regardless of the displacement
interpolation order. The MITC approach was originally proposed for a 4-node shell
element, MITC4, by Dvorkin and Bathe [19] and was later extended to higher-order
elements, MITC8, MITC9 and MITC16, see [14]. It has been used as the most
successful locking removal technique for quadrilateral shell finite elements. In this
section, we briefly review the MITC formulation of the continuum mechanics based
shell finite elements.
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The geometry of the n-node shell element is described by
Z(r, s, t) hi(r, s) i + S ah-(r, s)V , (4.5)
i=21 i=1
where hi is the 2D shape function of the standard isoparametric procedure at node i,
xi is the position vector at node i in the global Cartesian coordiante system, and ai
and VnE denote the shell thickness and the director vector at node i, respectively. Note
that the vector Vj is not necessarily normal to the shell midsurface in this geometric
description.
The displacement of the element is given by
U'(r, s, t) = hi(r, s)Ui + 2 aihi(r, s)(-V2 a + V1i/), (4.6)
i=1i=
in which U'd is the nodal displacement vector in the global Cartesian coordinate system,
and ai and 3 i are the rotations of the director vector V,, about Vf and V2' at node i.
The covariant strain is directly calculated by
eij = -(gi -J + gj . ,i), (4.7)
2
where
gi=--, Ui=- with r 1 =r, r 2 = s, r 3 = t. (4.8)ari oBri
Now we define a set of the so-called tying points k= 1, ... , nij on the shell midsur-
face with coordinates (rk, Sk), and define the assumed covariant strain components
ejj as
nij
sij(r, , t) = k (r, s)ej Iy (, (4.9)
k=1
where nij is the number of tying points for the covariant strain component egj and
hk are the assumed interpolation functions satisfying
k i( s~I) = k, I = 1, ..., nij (4.10)
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for the covariant strain component egj. Note that this tying procedure is carried out
on the elemental level for each individual element. Expressing the covariant strain in
terms of the nodal displacement,
eij = Bijl U,(4.11)
where B is the strain-displacement matrix and U is the nodal displacement vector,
we obtain
jij = h (r, s)BiI(,kk,)] = BiU. (4.12)
.k=1 .
After applying the proper stress-strain law including the shell assumption, the
element stiffness matrix is constructed in the same manner as the displacement based
element.
4.3 Strain interpolation technique for isotropic tri-
angular shell elements
In recent research [9], it is observed that a relatively small change of tying positions
can result in significant difference in predictive capability of the MITC9 shell element.
The key of the successful MITC technique is to carefully choose proper tying points
and to use proper strain interoplations. While the interpolation of the covariant
strain components is quite easy for quadrilateral elements, it becomes complex for
isotropic triangular elements due to their shape and coordinate system. This section
provides a systematic way to interpolate the strain components to reach isotropic
MITC triangular shell elements.
4.3.1 Interpolation methods
We introduce a new technique to construct the strain interpolation and demonstrate
it by given tying points in a simple 1-D example.
Let us consider a three node isoparametric beam element. As shown in figure
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Figure 4-2: Determination of the interpolation functions for given tying points
4-2-(a), the displacement based element has a quadratic variation of transverse shear
strain. In order to remove shear locking, we need to linearly interpolate the transverse
shear strain in the beam element. The linear transverse shear strain field can be
determined by the two transverse shear strains sampled at two different tying points
(r = ri and r = r2 =-rl). Three kind of approaches shown in figure 4-2-(b),(c),(d)
are employed to determine the interpolation.
* Method-i
Since we know that the resulting polynomial is linear, we start with the linear
polynomial,
Ert = a + br. (4.13)
Using the two conditions
ert(ri) = er
(2)
rt (r2) = ert
(4.14)
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the unique pair of the coefficients, a and b, can be determined, see figure 4-2-(b).
* Method-ii
In this method, shown in figure 4-2-(c), we use the shape functions of the
standard isoparametric procedure,
(4.15)art == hle) + h2e ,2
rt t r
where h, and h2 are the linear functions satisfying
hi(rj) = 6ij. (4.16)
Therefore, if we assume
hi = a + br, h2= c + dr, (4.17)
with four conditions
hi(ri) = 1,
h 2(ri) = 0,
hi(r 2 ) = 0,
h 2 (r 2 ) = 1,
(4.18)
we can obtain the four coefficients ( a, b, c, d ).
* Newly proposed method
We here propose the simple new method described in figure 4-2-(d). Since
the order of the transverse shear strain of the displacement based three node
isoparametric beam is quadratic, we start from
2
ert = a + br + cr (4.19)
The following three conditions ( linear condition ) given at the nodes can be
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applied to evaluate a, b and c.
ert(-1) = ii7 - 1
ert(O) = d(4.20)
ert(1) = i + I,
where fn is a mean value of two tying strains and 1 is the difference between the
value at the center ( r = 0 ) and the edge ( r = 1 ), that is,
?;- 1 (1) ()
m= (er + e')
(2) (1) (4.21)
- rt ert
The three methods give exactly the same interpolation for this example. To use
"method-i" and "method-ii", the interpolations start from linear polynomials, while,
in the new method, the interpolation starts from the quadratic polynomial and the
coefficient of the quadratic term automatically vanishes by imposition of the linear
condition. Due to this property, the proposed method provides a strong potential
for successful formulation when we construct the strain fields for isotropic MITC
triangular shell elements.
Note that, for the example considered here, two unknown coefficients and two
linear equations are considered by "method-i", four unknown coefficients and four
linear equations are considered by "method-ii" and three unknown coefficients and
three linear equations are considered by the proposed method.
4.3.2 Interpolation examples by the newly proposed method
We demonstrate the method proposed in the previous section by means of the detailed
derivations for several examples.
* 2-node isoparametric beam element with constant transverse shear strain
Figure 4-3 shows a 2-node isoparametric beam with one center tying point. The
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Figure 4-3: A 2-node isoparametric beam element with constant transverse shear
strain
displacement based 2-node isoparametric beam element has the linear variation
of transverse shear strain. Let us assume that the starting polynomial for the
transverse shear strain is linear,
ert = a + br. (4.22)
Since the shear strain in the whole element domain is constant, we have the
conditions,
em
rt (4.23)
rt(1) =e.
Then, immediately, we obtain
a - b =e
a +b= e,
(4.24)
and, after solving, we have
a =e
b =0.
(4.25)
We can here recognize that the coefficient of the linear term, b, automatically
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becomes zero. Finally, we obtain the interpolation function,
Brt = e'.
* 3-node isoparametric beam element with linear transverse shear strain
(4.26)
Figure 4-2 shows a 3-node isoparametric beam element with linear transverse
shear strain. In the beam element, we usually take r, = -1/v 3 and r2 = i/V 5
to eliminate shear locking.
From the linear condition given in equation 4.20, we obtain three independent
linear equations,
a = m (4.27)
a+b+c = f+I,
where
h = 2(et + e$ )
~ e (2) (1)
2 rt
(4.28)
Solving the equations, we have
a = m
b = l (4.29)
c = 0.
As we can expect, the coefficient of the second order term, c, automatically
vanishes. The final interpolation function is,
ert = n + 1r
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(4.30)
a -b+c= f- I
S1
r
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-1
Figure 4-4: MITC4 shell finite element in natural coordinate system and its tying
points
e MITC4 shell element
The proposed method also can be used for 2D or 3D elements as well as ID
elements. This example shows the interpolation of the transverse shear strain
ert in the MITC4 shell finite element. Figure 4-4 shows the element and its
tying points for the strain component ert in the natural coordinate system.
The calculation starts with
ert = a + br + cs + drs. (4.31)
Since we want to have constant strains along the bottom and top edges of the
element by the given tying points, the following conditions are used,
e (-I, -1) = e()
= (1)
ert(1, -1) = e(4.32)
(4.32
ert(-1, 1) = er
(2)
ert1, ) =ert
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From these conditions, the four linear equations are obtained,
a - b-c+d = e
a+ b -c- d= e(
a - b+c - d = er
a + b+c + d = ei
and the cofficients are then
1, (1) + (2)~
a = 2er + ert)
b = 0
C = (e(2 - e(1)) 
(4.34)
d =0.
The coefficients for the r terms vanish because the transverse shear strain is
constant for the r direction.
Finally, we have the interpolation function,
ert = 2(e + ert ) + (e - ert)s. (4.35)
4.3.3 Interpolation of transverse shear strain field
In general, for quadrilateral plate or shell elements, we independently interpolate
two transverse shear strains, ert and et, without any trouble. However, for the
transverse shear strain interpolation of isotropic triangular shell elements, the main
obstacle comes from the fact that, although there are only two independent transverse
shear strains ert and est, the additional transverse shear strain eqt corresponding to
the hypotenuse of the right-angled triangle in the natural coordinate system should
be taken into account, see figure 4-5. Comparing with quadrilateral elements, this
condition is an additional constraint in the formulation.
Figure 4-5 shows how to find the transverse shear strain eqt from ert and est at
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Figure 4-5: Calculation of the transverse shear strain eqt
the point considered in the triangular element. The shear strain eqt is given by the
tensor transformation,
1
eqt = (est - ert). (4.36)
We find how then in the formulation used the constant 1/V2 can be neglected.
Then, we are ready to explain the transverse shear strain interpolation for isotropic
triangular shell elements. The first step is to determine the starting polynomial space
of the transverse shear strains, ert and est. The shear strain eqt is immediately given
from equation 4.36. The following equations express the step,
Ert = a, + bir + ci s......
Est = a2 + b2r + c2 s...... (4.37)
aqt = Est - rt = (a2 + b2 r + c2s..) - (a, + bir + cis......
where the a,, bi,... and a2 , b2,... denote the unknown cofficients of the strain polyno-
mials.
The second step is to determine the tying positions, which should be well chosen
in the same manner for the three edges of the considered triangular element and to
carefully apply the conditions to find the unknown coefficients. In this stage, we can
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Figure 4-6: Interpolation of transverse shear strain
take into account the conditions for each transverse shear strain,
,t(rk, Sk) = ......
eSt(rk, s) = ...... (4.38)
Bqt(rk, s) = ...... ,
at some position k, which does not need to be the tying position, see figure 4-6.
The last step is to solve the linear equations obtained from the starting polynomi-
als and the given conditions. The number of linearly independent equations should
be equal to the number of unknowns.
This systematic procedure ensures the construction of isotropic transverse shear
strain fields for MITC triangular shell elements. Here, we discussed the construction
of the isotropic transverse shear strain field by the method proposed in the previous
section, but note that "method-i" and "method-ii" are not generally applicable for
this case.
For a clear understanding, let us show the detailed calculation procedure by an
example, a triangular shell element with constant transverse shear strain along its
edges, see figure 4-7. The tying points are chosen at the center of the edges.
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Figure 4-7: A triangular shell element with the constant transverse shear strain along
its edges
(Step-1): The interpolation starts from
art = a + br + cs
Est = d+er+ fs (4.39)
qt ==st -rt = (d+er+ fs)-(a+br+cs).
(Step-2): The proper conditions should be
=(1)jrt(0, 0) = ert
=(1)
ert(1, 0) = ert
jst (0, 0) = e
= 2)jgo 1)= s
qt( l, 0) =
Eqt(o, 1) =
(4.40)
e (3)= e (3) e(3)eqt St - e
e = e
(3)
- ert
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e,, =const.
0 r
A
e& 2
and we obtain the linear equations,
a =e
*b elrt
a + b - t
d =(2
d +2) f (4.41)
d + e - a - b= e-
d+f-a-est 
-er
d + f - a - c = e - el .3
(Step-3): After solving the linear equations, the six unknowns are determined,
(1 = (2) _ (1) _ (3) + (3)a=ert , b=O, c=ef -ert --e8 +ert, (4.42)
S= (2, e = -c, f =0.
As a result, we obtain the isotropic transverse shear strain field,
(1) + CSrtert (4.43)
t(2) _Cs = e- cr,
where c = e - el - e( + e(3.
4.3.4 Possible isotropic transverse shear strain fields
In this section, the interpolations of possible isotropic transverse shear strain fields
are summarized. Figure 4-8 shows the tying positions for the transverse shear inter-
polations.
" Scheme-1: This scheme is shown as the example in the previous section. The
constant transverse shear strains along edges are assumed and the tying points
are at the middle of each edge.
" Scheme-2: The linear transverse shear strains along edges are assumed and
therefore two tying points at each edge are chosen. Figure 4-8-(a) shows the
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Figure 4-8: Tying points for the transverse shear strain interpolation
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tying positions for this scheme, in which
1 1 1 1
Iri = si = , r2 = S2 =1 + . (4.44)2 2 /4 2 2 (4)
(Starting polynomials)
ert = a + br + cs
(4.45)
et = d + er + fs
(Conditions)
ert(0, 0) = ir - I), Ert(0.5, 0) = 4?, Ert (1, 0) = frt + I
(2)(0 0) 7=2 -i 05 - (2) -8 (O, 1 ) = - (2) + j2
, 0) = f -- t I , t(O, 0.5) = mt , est( S = + (4.46)
qt(l, 0) = t - It , qt(0.5, 0.5) = fin4t, Eqt(0, 1) =fn + Iqt
where
rn() = (e + e )
i n = ( e ' 1 + ( 4 .4 7 )
(Solution)
fn = (1) - I ,l b =- 2I ,'1 d = _6 -1 2I ,
c = (d + f - a) - (rit + - r-- I(), (4.48)
e = (a + b- d) +(n - 'rt + rt
* Scheme-3: The scheme-3 shown in figure 4-8-(b) has the same edge tying points
as scheme-2 and linear transverse shear strains along edges are assumed. We
have one internal tying point ( r = 1/3, s = 1/3 ) unlike the scheme-2 and
the starting polynomials are different from those in scheme-2.
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(Starting polynomials)
ert=a+br+cs+drs+er2 +fs 2
est = g + hr + is + jrs + kr 2 + 1s2
(Conditions)
Brt(0, 0) =
est(0, 0) =
Eqt (1, 0) =
f(1) - I(1)rt rt'
~(2) - (2)
S7t - St
srt (0.5, 0) = ~n! ,
E5t (0, 0.5) = f ,
n (3) (3)
srt(1/3, 1/3) = e
where
= (d) + ef )2 = -
7 (i) = F ( i)2(2- e(').
(Solution)
fj( 1) -TO()a = 
- Irt
g = 6rt -3 t 3 1 = 0,
W= ) - 3( +2m8 -2(3 ~ - 4a - b + g
h= -3ec) + 6e - 2rn + 2rn(3 + a - 4g - i (4.52)
k = 3er~t - 6e~c + 37~nf -I - 3j~n) + + b + 3g + i
f = -6er. + 3et - 3n - + 3fir +(I) +3a+b+i
d = -k, j = -f
* Scheme-4: This scheme is almost the same as scheme-3. The only difference is
that the three internal tying points shown in figure 4-8-(c), where r, = si =
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i -2I(2)
(4.49)
eqt(0, 1) = rn (3) + I(3)qt qt'
(4.50)
(4.51)
jrt (1, 0) = f+I ,
Est(0, 1) = ~nit +r Is,
st (1/3, 1/3) = e~c d = -k,
b =- 2Ir, e = 0,
1 - 1 and r2 = S2 1 + 1, are considered and we use2 i73 2 2V and e us
ert(1/3, 1/3) = ( + ee, ' t + e (4t)
et(1/3, 1/3) = I(e!c"t + elch + e4Ct)
instead of rt(1/3, 1/3) = e( and et(1/3, 1/3) = e$5) in the scheme-3. If we
substitute
e(c) =1 ((C)t + e (c) + c)rt 3 2r (4.54)
e(c) = 1 (e( + e(c) (C) (4s (e3c1t e2 s + e3 st
into the solution of scheme-3, the solution for this scheme is obtained.
This scheme is very similar to the interpolation scheme of the MITC7 plate
bending element in reference [12], in which the same tying points are used and
the interpolation functions, which belong to "rotated Raviart-Thomas space",
are given
rt = ai + bir + cis + s(dr + es)
est = a2 + b2r + c2s - r(dr + es).
The scheme-3 and scheme-4 also show the same shape of interpolations.
* Scheme-5: This scheme has been popularly used because the interpolation of
this scheme can be easily constructed by "method-i" and "method-2". The
tying points are given in figure 4-8-(c) with r1 = si = 1 - 1 and r2 = S 2 =
S+ Since the same tying points are used for the two transverse shear strain
components ert and est, the interpolation methods, "method-i" and "method-2"
can be easily used as well as the "proposed method".
Note that many alternative schemes can be given by changing the tying positions
( like ri, r 2, si and s2 ) from scheme-1 to scheme-5.
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4.3.5 Interpolation of in-plane strain field
In the formulation of the quadrilateral MITC shell elements, the in-plane strains
err, ess and ers are independently treated in an easy manner. However, for the
isotropic triangular elements, a more careful understanding of the in-plane strain
field is necessary.
The interpolation of the in-plane strain field starts from well known basic me-
chanics. Figure 4-9-(a) shows the in-plane strains at a specific point of the triangular
element in the natural coordinate system. The complete in-plane field is determined
by three strains, that is, two different normal strains (usually, err and e,,) and one
in-plane shear strain (ers). The basic idea comes from the fact that three independent
normal strains can also determine the complete in-plane strain field.
To construct the isotropic in-plane strain field, we introduce the normal strain,
eqq, in the hypotenuse direction of the right-angled triangle, which will be used with
the strains err and e, 8. Mohr's circle in figure 4-9-(b) shows how to calculate the
strain eqq from the given strains err, e., and er, in the natural coordinate system.
The result is
err + e err -e
eqq = 2 + 2 cos20 + erssin20, (4.56)
where 0 = 1350.
The first step for the construction of the isotropic in-plane strain field is to in-
dependently interpolate the three in-plane strains err, ess and eqq with the same
polynomials,
err = a, + b1r + cis-.--
E83 = a2 + b2r + c2 s...... (4.57)
eqq= a3+ b3r + C3s......
where a,, bi,..., a2, b2 ,..., a3, b3,... denote the unknown cofficients of the strain poly-
nomials.
In the second step, we then carefully select tying positions in the same manner
regarding the three edges of the considered triangular element and apply the proper
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Figure 4-9: Calculation of normal strain eqq
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Figure 4-10: Interpolation of in-plane strain field
conditions at some point k in the element,
r,(rk, Sk) = ......
e ,(rk, sk) = ...... (4.58)
aqq(rk, Sk) = .......
The position (rk, Sk) does not have to be the tying position. The number of linear
equations from the conditions should be equal to the number of unknown cofficients
in equation 4.57. Of course, this is based on the interpolation method proposed in
the previous section but "method-i" and "method-ii" are also applicable.
The last step is to obtain the unknowns after solving the linear equations. The
strain ers, which is needed for the finite element formulation, is directly given by
1
2rs(r, s) = -{r(r, s) + ,,(r, s)} - Eqq(r, s). (4.59)2
We explain the detailed calculation procedure for a triangular shell element with
the constant normal strain along edges shown in figure 4-11-(a). Figure 4-11-(b),(c)
and (d) show the tying points corresponding to each normal strain. Note that this
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Figure 4-11: Triangular shell element with constant normal strain along edges
tying is just one of possible schemes for triangular shell elements with constant normal
strain along the edges, that is, various tying schemes can be used to satisfy the
condition, "constant normal strain along edges".
(Step-1): We assume the starting polynomials,
err = a + br + cs
Es = d+er + f s (4.60)
Eqq = g + hr + i(1 - r - s),
where, of course, eqq= g + hr + is can be used instead of aqq= g + hr + i(1 - r - s),
but the latter is more convenient for calculations.
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(Step-2): The proper conditions are
er(0,1 0) = err
rr(1, 0) =-(
err (, 1) = e
er(O, 1) = e
a88(1, 0) = e()
eqq(0, 1) = eq =
jqq(1, 0) = e = (er + e ) - e3)qq 2 ss88 r
eqq(u, 0) = eq) 2 (err + e s))
and we obtain the linear equations,
a = e1)rr
d =
d + f =e-
d +e e~r)
d = e (2
g + h =3)
(4.62)
(Step-3): After solving the linear equations, the nine unknowns are determined,
a = ei), b = 0, c= er) - el,
f = 0,
g = eq,
(4.63)
h = 0, i = e (q) - e .3)
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(4.61)
1 e3+e() -e(3
(2 + SS ) -e
d = el ,2 e = e(SS) - e ,2)
As a result, we obtain the isotropic in-plane strain field,
err = em + (e,r) - ef )s
e 2= ) + (es) - e ()r (4.64)
eqq = e(3) + (e q4) - e) (1- r - s).
The interpolation function of the in-plane shear strain ars is immediately given by
equation 4.59.
4.3.6 Possible isotropic in-plane strain fields
In this section, the interpolations of possible isotropic in-plane strain fields are summa-
rized. Figure 4-12 shows the tying points for the in-plane strain interpolations. Here,
we explain the two schemes and show just tying points for other possible schemes.
e Scheme-1: Linear variations in normal strains along edges are assumed and
therefore two tying points at each edge are chosen. Figure 4-12-(a) shows the
tying positions for this scheme, in which
1 1 1 1
r, = s = , r2 = 82 =-- + .(4.65)2 2V 3 2  2 V'(
(Starting polynomials)
err = a + br + cs
iss = d + er + fs (4.66)
sqq= g + hr + i(1 - r - s)
94
AE
e(1() 1
for a,
(a) 
S
s
S2-)
SI .3
X
(c)
1 i 001
LA
1
(2)
(c)
x2e 3)
r
for i,,
0
1%
\ , e(c) X2
I
r
forqq
S(b)
1
S2-
st 
-
I ~
SI- xx
(c)
el x
(C XC
0 I0
for all
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(Conditions)
2rr(0, 0) = ") -(1)jrr(01 ) irr - rr~
err(ri, 1/Vr) = e1r,,
"(0, 0) = ij2) - j(2)
1/V, r) =es,
eqq(1, 0) = ?;n-) - Il3)
qq(ri, ri) = e3 c)
j,,(0.5, 0) =- (1) , ,ar(1, 0) = + [I ,
as,(0, 0.5) - (2), E (0, 1) = 2 + I(2,
jqq(0.5, 0.5) = fi 3), sqq(0, 1) = i) + I(3)
where
i( W - (e(') + e(')2
I0 = We0-en)
7 = A(') Iff , b = 2I ,)rr rr ~ rr,
d = 2) - 2)l, f =22 )
S= 9 -n(3) + j(3) h =-2I(3)qq q qq'
C =d(e"(c) - a - br1 )
e = f(e - g - hri)
In this scheme, the number of conditions is more than the number of unknowns,
but from the conditions only nine linearly independent equations are obtained.
e Scheme-2: To get the linear interpolation of the in-plane strain field, this scheme
has been frequently used. The tying points are given in figure 4-12-(b) with
r1 = si = 1 - 1 and r 2 = S2 = I + 1. Since the same tying points are used
for the three strains err, e., and eqq, the interpolation methods "method-i" and
96
(4.67)
(Solution)
(4.68)
(4.69)
"method-2" can be easily adopted.
* Other schemes: Figure 4-13 shows six more tying schemes to construct more
possible isotropic in-plane strain fields. Each tying scheme is only for the strain
drr and for other strains ( Es and Eqq ) the tying points are chosen in isotropic
manner as shown in figure 4-12-(a). The shape of starting polynomials in each
tying scheme depends on the chosen tying points.
Note that many alternatives can be given by changing tying positions from scheme-
1 to scheme-5.
4.4 Closure
In this chapter, we proposed a systematic way to construct isotropic strain interpola-
tions for the MITC triangular shell finite elements. The method is mechanically very
clear and is effective for the construction of MITC isotropic triangular shell finite
elements.
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Chapter 5
Numerical tests of the MITC
triangular shell elements
In this chapter, we introduce some selected MITC triangular shell finite elements
based on the interpolation schemes presented in the previous chapter. Through basic
numerical tests, we identify whether the elements satisfy the minimum requirements.
The convergence study of the elements in various shell problems shows the detailed
performance of the elements.
5.1 MITC triangular shell elements
Displacement-based elements exhibit severe locking in bending dominated cases. The
discrete spaces for strain fields are directly calculated from interpolations of displace-
ments and the elements lock due to the constraint of vanishing shear or membrane
strains in bending dominated situations.
A basic idea of the MITC technique is to relax the constraint in an element for-
mulation; that is, strain interpolation orders are reduced by separated interpolations
based on strains at tying points. The more tying points and more orders of interpo-
lation means that the element is closer to the displacement-based element.
Therefore, the maximum order of the strain interpolations is the same as the
order of the displacement interpolations and, of course, the strain interpolation space
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should be contained in the interpolation space of the displacements. Otherwise, the
strain interpolation does not make any sense. For example, we can use the transverse
shear interpolation scheme-1 for 3-node triangular shell elements, but the use of the
transverse shear strain interpolation scheme-3 or 4 for the elements can not give
improved solutions.
When developing MITC triangular shell finite elements, the goal is to eliminate
shear and membrane locking in bending dominated shell problems and to keep the
consistency of the element in membrane dominated shell problems.
For the successful development of an element, the key is to choose a strain inter-
polation which satisfies both conditions. However, in many cases, if the interpolation
of assumed strains induces good behavior of the element in bending dominated shell
problems, the element is too flexible ( or unstable in the worst case ) in membrane
dominated shell problems. Otherwise, the element might be too stiff or lock in bend-
ing dominated problems. Therefore, using well balanced strain interpolations in the
MITC formulation is very important.
The effective tying schemes for the MITC technique depend on the displacement
interpolation of the considered element, that is, the polynomial space of the element
displacement interpolation. For example, although a certain tying scheme works
well for the 6-node shell element, the scheme may not be effective for a 7-node shell
element. The research on the dependency and on the general method to choose
optimal tying positions of an arbitrary element is still open.
In the previous chapter, we discussed how to get isotropic strain fields for the
MITC technique and showed many possible interpolation schemes for the transverse
shear strain and the in-plane strain. To construct the MITC triangular shell finite
elements, each transverse shear strain interpolation scheme can be combined with
various in-plane strain interpolation schemes. As a result, we can develop many new
shell finite elements, but most of them make the element lock, too flexible or unstable.
Threrefore, only few elements can alleviate locking, be stable and be effective for
practical purposes.
Here, we are focusing on the behaviors of relatively competitive elements. Ta-
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Strain interpolation schemes of the MITC triangular shell finite elements
ble 5.1 and figure 5-1 shows the strain interpolation schemes of the selected MITC
triangular shell elements.
Since the geometry of the 3-node triangular shell element is always flat, the element
does not suffer from membrane locking, that is, the element does not need the MITC
technique for its in-plane strain field. The MITC technique is used only for the
transverse shear strain. As shown in the transverse shear strain interpolation scheme-
1, constant transverse shear strains are assumed along the edges.
For the MITC 6-node triangular shell element, the transverse shear strain interpla-
tion schemes-3, 4 and 2 are used in combination with the in-plane strain interpolation
scheme-1, which is the only effective scheme to alleviate the membrane locking of the
6-node shell element. The transverse shear strain interpolation scheme-1 makes the
element unstable and the transverse shear strain interplation schemes-5 induces a too
stiff behavior. Also, the in-plane strain interpolation scheme-2 does not alleviate the
membrane locking of the element.
To construct the MITC 7-node triangular shell element, we use the transverse
shear strain interpolation scheme-5 and the in-plane strain interpolation scheme-2.
The transverse shear strain interplation schemes-3, 4 and 2, which are effective for the
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Table 5. 1:
Interpolation scheme Interpolation scheme
for transverse shear strain for in-plane strain
MITC3 Scheme-1 x
MITC6-1 Scheme-3 Scheme-1
MITC6-2 Scheme-4 Scheme-1
MITC6-3 Scheme-2 Scheme-1
MITC7 Scheme-5 Scheme-2
Element jTransverse shear strain In-plane strain( e,, et) ( er )
0
10
0
1l
MITC3
MITC6-1
MITC6-3
MITC7
0
S
W,, e span {1,s}
, e span {1,r}
1
W,, E span
, E span
x
{1,r,s, rs,s2
{1,r,s, rs, r2
0
e,, r spa
E spa
n {1,r,s}
n {1,r,s)
0
A
1
s
e,, a span {1,r,s}
E span {1,r,s}
x
x x
r
0
k
,.span {1,r,s}
1
k
e,, E span {1,r,s}
x
r
k
e, E span {1,r,s}
x x
1
Figure 5-1: Strain interpolation schemes of the MITC triangular shell finite elements
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6-node shell element, make the element unstable and the in-plane strain interpolation
scheme-2 does not improve the element behavior. Due to the similarlity of the strain
interpolation scheme, the behavior of this element is anticipated to be similar to the
7-node element in reference [15]. In the reference, the element is reported to be good
in bending dominated problems but too flexible in membrane dominated problems.
5.2 Numerical results
In this section, the results of the various numerical tests are presented for the selected
MITC triangular shell finite elements, MITC3, MITC6-1, MITC6-3 and MITC7.
For the convergence studies, we use the s-norm [24] defined as
IIU - uhHs = 6 UY dQ, (5.1)
where U' denotes the exact solution of the continuum and il denotes the solution of
the finite element discretization. Here, and ' are the strain vector and the stress
vector in the global Cartesian coordinate system, respectively, defined by
E= EXX, Ezz, 2exy, 2EYZ, 2cz ]T, a = [OXX, 7-YY, 0-zzu, -OXY, o, 0-zx]T, (5.2)
and
A =- =B(s)U - Bh(A)il
6 Ch U h(5 
.3 )
or0 = 0 - = C(s)B(Y)U - Ch(X'h)Bh( 4) Uh,
where C denotes the shell material law and B is the strain-displacement relation
operator. The position vectors X and Xh are in the continuum domain and in the
discretized domain, respectively, and the relationship between them is
X = II(X4), (5.4)
in which HI defines a one-to-one mapping between the points of the discretization and
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the continuum.
In the practical use of this norm, the finite element solution using very fine mesh is
adopted instead of the exact solution, which is very hard to obtain in general. Using
the reference solution, the s-norm in equation 5.1 can be approximated by
IUref -- Uh|18 = ie d f (5.5)
with
AE Eref - Eh = Bref (z)iref - Bh(Xh)h(
X ~ u r U h(5 
.6 )
Au= 0ref - gh = Cref(Y)Bref(Y)U'ref - Ch(Xh)Bh(Xh)U'h.
The detailed calculations for the s-norm for general shell finite elements are given in
Appendix A.
To consider the convergence of the discretization schemes with various thicknesses,
we use the relative error given by
_ 
Hre - UhI2
relative error = ' ' h s. (5.7)1||Uref I|I'
In the following subsections, the results for the basic tests are reported and the
convergence curves of the MITC triangular shell elements for various shell problems
are presented. Since the behavior of the MITC6-2 element is quite similar to the
behavior of the MITC6-1 element, we only show the results of the MITC6-1 element.
5.2.1 Basic tests
The following basic tests are performed as a basic requirement for the triangular shell
elements.
* Isotropic element test: We test whether the element considered is indeed isotropic.
This test is performed by analyzing the three same equilateral triangular ele-
ments with different numbering sequences as shown in figure 5-2. To pass this
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Figure 5-2: Isotropic test of the 6-node triangular shell element
test, exactly the same tip displacement should be obtained by the models for
all possible tip forces P.
" Zero energy mode test: This test is performed by counting the number of zero
eigenvalues of the stiffness matrix of one unsupported shell finite element, which
should be exactly six. We recommend that, when doing this test, various pos-
sible geometries should be taken into account. The considered element passes
this test for certain geometry but may not pass the test for other geometries.
" Patch test: The patch test has been widely used as a test for element conver-
gence, despite its limitations for mixed formulations. We use the test here in
numerical form to merely assess the sensitivity of our elements to geometric dis-
tortions. The mesh used for the patch test is shown in figure 5-3. The minimum
number of degrees of freedom is constrained to prevent rigid body motion and
the nodal point forces which should result in constant stress condition is consid-
ered. The constant stress field should be given by the patch models subjected
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Figure 5-3: Mesh used for the patch tests
membrane forces and bending forces, respectively.
The results of the basic tests are reported in table 5.2. The MITC3, MITC6-1,
MITC6-2 and MITC6-3 elements pass all the basic patch tests. The MITC7 element
fails in the zero energy mode test and the membrane patch test.
5.2.2 Clamped plate problem
First, we consider the plate bending problem shown in figure 5-4. The square plate of
demension L x L with uniform thickness is subjected to a uniform pressure normal to
the flat surface and all edges are fully clamped. Due to symmetry, only one quarter
model is considered ( region ABCD shown in figure 5-4 ) with the following symmetry
and boundary conditions imposed:
ux = OY = 0 along BC, uY = Ox = 0 along DC (5.8)
Ux = UY = UZ = Ox = OY = 0 along AB and AD.
Figure 5-5 reports the convergence of the MITC triangular shell elements in the
relative error of equation 5.7. We use the solution using the MITC9 element with a
mesh of 96 x 96 elements as the reference solution. As the plate thickness decreases,
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Table 5.2: Basic test results of the MITC triangular shell finite elements
Isotropic Zero energy Membrane Bending
Element element test mode test patch test patch test
MITC3 Pass Pass Pass Pass
MITC6-1 Pass Pass Pass Pass
MITC6-2 Pass Pass Pass Pass
MITC6-3 Pass Pass Pass Pass
MITC7 Pass X X Pass
A
A
q
1 1 1 1 11 t kLab
L
7
7,
7/
7
L
B
Figure 5-4: Clamped
triangular elements (
plate under uniform pressure load with a uniform 4 x 4 mesh of
L = 2.0, E = 1.7472. 107 and v = 0.3 ).
107
.C
7
7
7
7
the MITC3 element locks. The MITC6-1, MITC6-3 and MITC7 elements show almost
optimal convergence curves.
5.2.3 Cylindrical shell problems
We consider a cylindrical shell of uniform thickness t, length 2L and radius R, see
figure 5-6. The shell is loaded by the pressure distribution p(O) normal to the shell
surface,
p(9) = pocos(20), (5.9)
which is also shown in figure 5-6.
This shell can have two different asymptotic behaviors depending on the bound-
ary conditions at its ends, that is, bending dominated behavior with free ends and
membrane dominated behavior with clamped ends.
By symmetry, we can limit calculations to the region ABCD. For the free case,
the following boundary conditions are imposed,
ux = / = 0 along BC, uY = a = 0 along DC, (5.10)
uZ = a = 0 along AB.
Also, for the clamped case, the boundary conditions are
ux = 0 = 0 along BC, uY = & = 0 along DC, (5.11)
uz = a = 0 along AB, ux = uY = u2 = a = 3 = 0 along AD.
The detailed study for this shell problem is presented in reference [7]. The relative
error used here is based on the reference solution of 96 x 96 MITC9 shell elements.
Figure 5-7 displays the convergence curves of the triangular shell elements for
the clamped case. The MITC3, MITC6-1 and MITC6-3 elements show quite good
convergence. The MITC7 element shows much too flexible a behavior for this shell
problem.
Figure 5-8 presents the convergence curves for the free case. All MITC triangular
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elements considered show good convergences.
5.2.4 Partly clamped hyperbolic paraboloid shell problem
The partly clamped hyperbolic paraboloid shell problem is well described in chapter
2. This shell problem is known to be a bending dominated problem. The chapter
also provides the detailed analysis results of this shell structure.
The convergence curves of the MITC triangular shell elements are shown in figure
5-9. To calculate the s-norm, we use the solution using a mesh of 48 x 96 MITC9 ele-
ments as a reference solution. As the shell thickness decreases, the MITC3 triangular
shell element severely locks but the MITC7, MITC6-1 and MITC6-3 elements show
moderate locking. For practical purpose, the behaviors of the MITC7, MITC6-1 and
MITC6-3 elements are acceptable when the shell thicknesses are 1/100 and 1/1000.
5.2.5 Hyperboloid shell problems
Two test problems use the same geometry given in figure 5-10 and the same loading.
The midsurface of this shell structure is described by the equation
x2 + Z2 = 1 + y2; y E [-1, 1] (5.12)
The loading imposed is the smoothly varying periodic pressure normal to the surface,
p(O) = pocos(26), (5.13)
which is the distribution shown in figure 5-6.
A bending dominated problem is obtained when both ends are free and a mem-
brane dominated problem is obtained when the ends are clamped.
Using symmetry, the analyses are performed using one eighth of the structure, the
shaded region ABCD in figure 5-10. Considering boundary conditions, we have for
111
0-0.6
-1.2
-1.8.
-2.41-
-3
MITC3
I -I
-3 .6 1 1 1
-1.8 -1.2 -0.6
log( 2h )
MITC6-1
01
-0.6 -
-1.2 - -
-1.8 - -
-2.4 -
-3 -
-3.6 1 1
-1.8 -1.2 -0.6
log( h)
0
(D
0
0)
-0.6
-1.2
-1.8
-2.4
-3
-3.6
-1
-E- t/L = 1/100
A A t/L = 1/1000
e E) t/L = 1/10000
-0.
-1.2
-2.
0)
U'
MITC7
.8 -1.2 -0.6
Iog( h)
MITC6-3
6 - -
2-
8-
4-
-3 -
6 '
-1.8 -1.2 -0.6
log( h)
Figure 5-7: Convergence curves for
line shows the optimal convergence
quadratic elements.
the clamped cylindrical shell problem. The bold
rate, which is 1.0 for linear elements and 2.0 for
112
0)0 /
0i)
0
-31
MITC3
- I
-3 .6 I I 1 1 '
-1.8 -1.2 -0.6
log( 2h )
-3.6'
-1
MITC6-1
I I I 1
I I I '
.8
0
-0
-1
-1
-2
-3
e-- - t/L = 1/100
-AA t/L = 1/1000
e E t/L = 1 /10000
a)
U)0
-1.2 -0.6
log( h )
-0
-1
-1
-2
-3
0
MITC6-3
0 I 1
.6 -
.2 -
.8 -
.4 -
-3-
.6
-1.8 -1.2 -0.6
log( h)
Figure 5-8: Convergence curves for the free cylindrical shell problem
113
MITC7
0
.6 -
.2 -
.8 -
.4 -
.3 -
.6
-1.8 -1.2 -0.6
Iog( h)
-0.6
-1.2
-1.8
-2.4
0
a)
0)
01
-0.6
-1.2
-1.8
-2.4
2
a)
0)
-3
0-0.6
-1.2
-1.8
MITC3
--- 17
- TO
-2.4I-
-3
-3.61 I I 1 1
-1.8 -1.2 -0.6
Iog( 2h )
0
-0.6
-1.2
-1.8
-2.4
-3
-3.6
MITC6-1
I I I '
0
-0
-1
-1
-2
-3
-E3- t/L = 1/100
A- A t/L = 1/1000
-E--E- t/L = 1/10000
0
-1.8 -1.2 -0.6
log( h )
-0
-1
-1
-2
-3
(D
(D
Figure 5-9: Convergence curves for the hyperbolic paraboloid shell problem. The
bold line shows the optimal convergence rate, which is 1.0 for linear elements and 2.0
for quadratic elements.
114
MITC70
.6 -
.2 -
.8 -
.4 -
-3-
.6
-1.8 -1.2 -0.6
log( h)
MITC6-3
0
.6 -
.2 -
.8 -
.4 -
-3-
.6
-1.8 -1.2 -0.6
log( h)
2
ci
y0
-10
x
x
0
Z
Figure 5-10: Hyperboloid shell problem ( E = 2.0. 1011, v = 1/3 and po = 1.0).
the free case,
UZ = 0 = 0
Y= a = 0
along BC,
along DC,
Ux = 0 = 0 along AD, (5.14)
and, for the clamped case,
UZ = = 0
UY = a = 0
along BC,
along DC,
ux =f = 0 along AD,
U2 = UY = uz = a =)3 = 0
(5.15)
along AB.
For both cases, we use the reference solution calculated using 96 x 96 MITC9
elements. For the clamped case, half the mesh is used to present the boundary layer
as shown in figure 5-11 and the boundary layer thickness used is 6V t.
Figure 5-12 shows the convergence curves of the MITC triangular shell elements
in the clamped case. When the shell thickness is 1/10000, the MITC7 element shows
bad convergence. The MITC3, MITC6-1 and MITC6-3 elements show quite good
convergence for this membrane dominated shell problem.
The convergence curves in the free case of the shell are shown in figure 5-13. The
MITC3 element shows severe locking. Although the MITC6-1, MITC6-3 and MITC7
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Figure 5-11: Graded meshes for the hyperboloid shell problem with 8x8 triangular
shell elements; (a) t/L = 1/100, (b) t/L = 1/1000, (c) t/L = 1/10000
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elements also are not totally free from locking, the relative errors are acceptably small
for practical purpose when the shell thicknesses are 1/100 and 1/1000.
5.3 Closure
In this chapter, based on the method proposed in the previous chapter, we constructed
3-node, 6-node and 7-node MITC shell finite elements. For the selected elements ( the
MITC3, MITC6-1, MITC6-3 and MITC7 elements ), we performed numerical tests
and showed the convergence curves of the elements.
In engineering practice, the range of t/L is usually from 1/10 to 1/1000. We sug-
gest that the MITC6-1 and MITC6-3 elements can be used for the practical analysis
of shell structures.
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Figure 5-12: Convergence curves for the clamped hyperboloid shell problem. The
bold line shows the optimal convergence rate, which is 1.0 for linear elements and 2.0
for quadratic elements.
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Chapter 6
Shell finite elements based on the
basic shell mathematical model
To make further progress in the research of triangular shell finite elements, we need
to deeply understand the underlying shell mechanics. The mathematical shell models
have provided a strong analytical basis for shell finite element analysis.
At this point, it is a necessary and natural step to develop shell finite elements
based on the basic shell mathematical model [17]. Unlike other mathematical shell
models ( the s-m-b and m-b shell models, see [17] or Appendix B ), the basic shell
model not only satisfies all basic shell assumptions but also includes all possible strain
terms in the formulation since it is the basic model from which other mathematical
shell models are derived.
The objective of this chapter is to briefly review the basic shell model and to
present the formulation of shell finite elements based on it. We also discuss the
difference of possible displacement interpolations and show the numerical results of
the shell finite element based on the basic shell mathematical model.
6.1 Shell geometry
Shells are three-dimensional structures with one dimension, the thickness, small com-
pared to the other two dimensions. This geometric feature is used to define the ge-
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ometry of shell structures by specifying only the 2D midsurface and thickness. This
section provides the geometric concepts and notations used in the basic shell model
following the conventions of reference [17].
In order to introduce the definitions of differential geometry, we use the Einstein
summation convention; that is, we will not use summation signs for all indices. Vari-
ables a, 3, A and [t range from 1 to 2 for 2D geometry, and variables i, j and k range
from 1 to 3 for 3D geometry.
We consider a shell with a midsurface defined by a 2D.chart q, which is an injective
mapping from w into S, see figure 6-1. We define the covariant base vectors of the
tangential plane,
,O 8(1, 2)
a. = .9 (6.1)
The corresponding contravariant base vectors are given by
=a 30a, (6.2)
where 60 denotes the Kronecker symbol ( 63 = 1 if 3 = a and 0 otherwise ). We
define the unit normal vector to the plane as
3= .d2  (6.3)
11i x a211
The 3D geometry of the shell can be then described by the 3D chart given by
( 1, 2 73) 1 2 ) + 3a 3 ($' 12) (6.4)
in the 3D reference domain defined by
t t
S= { 21, ( 3) E IR3 1 2) E, E] 2 [ }. (6.5)2' 2
Surface tensors on the midsurface of the shell can now be defined. We define the
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Figure 6-1: Geometric description of a shell
first fundamental form ( 2D metric tensor ) of the midsurface,
(6.6)act = _ a - o,
or alternatively in contravariant form by
aa = da - do. (6.7)
The second fundamental form of the midsurface of the shell is called the curvature
tensor,
b -) = a3 - a0,13 (6.8)
which has all the information on the curvature of the surface. A different form of the
tensor can be defined by
be = a aAb,\. (6.9)
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We also define the third fundamental form of the surface by
c.0 = bAbo.
We introduce the covariant differentiation on the surface by
Ualo = Ua'd - ]pgA,
where rA is the surface Christoffel symbol defined by
=F a. dA.
aog = 0ap- E.
We can derive the 3D covariant base vectors from equation 6.4,
gi = . ,
and then obtain
a= - ( d3)bdA
and
93 =d 3.
The 3D contravariant base vectors are defined by
g J
(6.10)
(6.11)
(6.12)
(6.13)
(6.14)
(6.15)
(6.16)
6.2 Basic shell mathematical model
In this section, we briefly describe the shell kinematics and derive the basic shell
model, see reference [17] for more details.
The basic assumption of the shell kinematics is that straight fibers originally
normal to the mid-surface remain straight and unstretched during the deformation of
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Figure 6-2: Shell kinematics
the shell, which is expressed by
U(#1, = i2( 1 2) + (( 3)9x(,j 2)dA1(( 2), (6.17)
where U((', 2) expresses the global infinitesimal translational displacement of the
midsurface of the shell and 6,, ( , 2) are the infinitesimal rotations of the material
line, see figure 6-2.
Note that 0AdA is the rotation vector 6 and (( 3)Oxd1 is the displacement due to
the rotation. The translational displacements and the rotations are given in the
contravariant base vectors d 1, a 2 and a 3
For linear analysis, the linear part of the 3D Green-Lagrange strain tensor is
1 - -4
egiy = -(i U s + 9i - U,4) (6.18)2
where
U7 = . (6.19)
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Using equations 6.14 and 6.15 in equation 6.18, we get
ea/3 = '3(i) + (&)XaQ(i,6) - Koo (0)
e 3 = 0)
e33 = 0
1
= (Uao+ u0 1a) -bap3
xapC, O )= i(9al + 00ca - buhl.2 )
K~jO(0 2 b + b9a xj)
K I) 2 + U3 ,a + ba\uA).
- buxuxl) + cpu3
(6.21)
If we use the plane stress assumption, that is, the stress normal to the surface is
zero ( .33 = 0 ), we obtain the constitutive equations
a-3 = CaoN e,
(6.22)1
a.a3 = -D"xeA.2
In equation 6.22,
C"( =g E aAg0± gaapgfA +2(1 + V)
2v g",g i)1 - V
DaA= 2Ev gA
1 + V
where E and v are Young's modulus and Poisson's ratio for the material.
Finally, we define the basic shell model by the variational formulation given by
C(U)
eAt(V) dV + I D ea3 (U)eA3(V)dV =(2 IF - VdV,
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where
(6.20)
and
(6.23)
(6.24)
(6.25)
where U is the unknown displacement in equation 6.17, V is an arbitrary test function
(, = 7(12) + ( 6(2 (6.26)
and F denotes the external loading subjected to the shell structure.
We only consider the basic shell model in this chapter but Appendix B provides
more mathematical shell models (s-m-b model and m-b model) by well summarized
tables, see also reference [17].
6.3 Shell finite elements based on the basic shell
mathematical model
In this section, we discuss how to interpolate the geometry and displacement for a
shell finite element based on the basic shell model, and give the detailed formulation
for implementing an element.
6.3.1 Interpolation of geometry
The interpolation of the shell geometry can easily be accomplished by the usual shape
functions of the isoparametric procedure [4]. The 2D chart q of the discretized domain
is given by
n
(r, s) = h2(r, s)Z , (6.27)
where n is the number of nodes, hi is the shape function corresponding to node i,
and z' is the position vector for node i. The base vectors of the Cartesian system in
which 'i is defined are the usual unit base vectors (ii, Ii, iz ). Note that, in this
interpolation, the symbols r and s correspond exactly to $' and 2 in the basic shell
model we mentioned before.
The covariant base vectors of the interpolated surface are automatically given by
=-, = Oh a, x =. (6.28)
r . s ai x a2|i=1 i=1
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The first fundamental form can be expressed by the matrix 1
lae 31 -a, 
1
[a 2] = [a2-a1 a1 - a 262 - a2 (6.29)
or in contravariant form by
[aa,] = [acp]- 1. (6.30)
The contravariant base vectors of the interpolated surface are then calculated by
j 11 - 12 -
a =a a1 + ad 2
d.2 21- 22-a.d (-1a2 =a a 1 H+ a 2  (6.31)
d3 = -4.sat3
We can calculate the second fundamental form of the interpolated surface from equa-
tion 6.8,
a3  - X r 2
n a 2 h,
a3 =: sr
a3  s2d3 - 2- X
2-
The mixed second fundamental form, ba, is obtaind from
[b '] = [aaQ] [bp].
1~(6.32)
(6.33)
We then get the third fundamental form of the interpolated surface using
(6.34)
'In the following equations, matrices are expressed by brackets and the indices a, 3 and A in the
brackets do not mean any repetition or summation. For a tensor equation caO = axbx,\ we use the
matrix expression [c.,] = [aj,3][bao] instead of [ca] = [aaAI[bA,].
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[ba)] =
-L
[c"] = [b]T [b0 O].
Finally, we obtain the surface Christoffel symbols from
t'1
i2[ ' -[
i=1 Or
n a2 hi
1r2
a2 - srx
i=1
a,~h
n 0 2 h
a, 02hx-
2 2
a2Z- -xi
6.3.2 Interpolation of displacements
In most mathematical shell models, we define the displacements in the curvilinear
coordinate system; that is, the base vectors of the displacement are vector functions
which depend on the position on the surface,
u = u1 + U2 2 + U3 . (6.37)
Our first choice for the interpolation of the displacement is to interpolate the covariant
components of the displacement by shape functions,
n n n
U =1 i= i
(6.38)
where the hi are the usual shape functions and the u', u' and u' are the covariant
components of the displacement vector at the node i.
However, in isoparametric finite elements, we are using the same interpolation
scheme for the geometry and displacements, see [4].
i = U1ix + U2zV + Uz (6.39)
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Figure 6-3: A ID n-node truss element
The other choice is then
n n n
U1 = hiUj, U2 = Z hiU2, U 3 -= hjU , (6.40)
i=1 i=1 i=1
where UI, U2 and U3 are the displacement components in the global Cartesian coor-
dinate system at the node i.
When developing shell finite elements based on the mathematical shell models, the
former interpolation is frequently used due to its simplity in the element formulation.
We discuss the difference of the two displacement interpolations by calculating the
axial strain of a 1D truss element.
Let us consider a ID n-node truss element on the X-axis, see figure 6-3. We assume
the interpolation of the geometry is
n
X = x 1 zX= Z hi(r)xi ZX, (6.41)
i=1
where hi(r) is the usual shape function in ID and x' denotes the position on the
X-axis at node i. The base vectors are given by
= dx 1 dh dr (6.42)dr dr dx1
* For the second choice of the displacement interpolation, the displacement is
given by
n
U = U1 i = hi(r)U -X. (6.43)
i=1
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We obtain the axial strain in the X-direction by the chain rule,
dU1
dx1
dU1  dr dr n dhi U ., - ldr dx 1 dx1 . dr
=1
(6.44)
* Considering the first choice, the displacement is given by
(6.45)dr - n dr U = Ui dl = Ui - ix hju -- iX.dx1 dx1
From equations 6.43 and 6.45, we have a transformation relation between the
two different displacement systems,
dr dr
U1 = - - Ui = - hjl.dx1 dx1 (6.46)
The corresponding axial strain is obtained as
dU1
dr
dr
dx1
d dr
-( )
-dr dx 1
Zhiu +
z=1
dr
dx1 i=1
dhi
d~r 1} drdx1
Since we have the relationship
=dx 1
dr
at the nodes, the axial strain is finally given in terms of U1,
d dr
dr dx1
n
i~1
dx1dr drdx1
dr
dx1
n dhj dx1
dr dri=1
(6.47)
(6.48)
(6.49)
Comparing equations 6.44 and 6.49, it is clearly recognized that the two diplace-
ment interpolations are not the same. However, in case dx1/dr is constant in the
element 2, the two strains do become exactly the same.
An important requirement is the possibility to represent the rigid body mode. If
2If the internal nodes devide equally an n-node truss element, dxi/dr is constant in the element.
Thus, of course, dxi/dr is always constant for the two node truss.
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we set all Uj a constant value in both equations, the corresponding axial strain should
be physically zero. With all Uj = 1 in equation 6.44, the axial strain is clearly zero
because the sum of the derivatives of the shape functions is zero. However, for the
same case, the strain in equation 6.49 can not be zero unless dxi/dr is constant in
the element.
In the finite element formulation, the direct interpolation of the covariant dis-
placement components has been frequently used and has given proper solutions in
many cases. However, we do not recommend the use of an element which can not
represent the rigid body modes exactly. The absence of rigid body modes implies that
strain energy is being stored in the body under rigid body motions. This behavior is
definitely not physical. Particulary, this element should not be used in large displace-
ment analysis and for bending dominated shell problems because then the possibility
to represent rigid body modes is very important.
6.3.3 Transformation of the displacement components
In most mathematical shell models the curvilinear coordinate system is used to define
the displacements but it is necessary to interpolate the displacements in the Cartesian
coordinate system to keep rigid body modes in the formulation. This section presents
how to transform the translational and rotational displacement components in the
Cartesian coordinate system into the displacement components in the curvilinear
coordinate system without loss of the rigid body modes.
Setting the equations 6.37 and 6.39 equal, we have the transformation relation,
U1u (11 (it2) (dl)
U2 a= 1 d2 2 = (a 1 )2 (d2 )2 (d3 )2 U2 , (6.50)
U3 U3 (' 1)3 (d2 )3 (d3)3 U3
where ()i means the ith component of the vector in ().
Due to the orthonormality between the contravariant basis and the covariant basis,
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we also obtain
Ui (11) 1 (1)2 (1)3 U1
U2 = ' ()I ('2)2 (V2)3 U2 ,(.1
U3 ('3)I (' )2 (V3)3 U
where the covariant base vectors are calculated by equation 6.28.
For the convenience of calculations, we introduce new vectors,
,= [(d) 1  (d 2)1  (d 3)1 ]
2= [ ( 1 )2 (d2 )2  (d3 )2 ]T, (6.52)
= [ ('1)3 (' 2 )3 (V)3 ]T
and instead of equation 6.51, we then have
U1 U1
U2 = [ t2 6 ] U2 .(6.53)
U3 U3
Finally, the transformations for the translational displacement components are
given by
F1 Ui a
U2 =Utfi, U2,c = (Ui),a is+ Ui ( *),al (6.54)
u3 [Zt3,oe
in which Uj is interpolated by equation 6.40.
In order to obtain the transformation relationship for the rotational components
of the shell displacement, we proceed as for the translational components. We assume
that 1 is the rotation vector defined in the global Cartesian coordinate system,
4 <iDZ, + <D2iy + < 3Iz. (6.55)
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The transformations are given by
01 01,C'
02 02,a 1 ( i),a + (i (ti
0 0
where
n n n
=1 i=1
We are familiar with the 5-DOF system of the continuum mechanics based shell
finite element [4]. By simply substituting
n
= Zhi((-Y2 + Y-1 i ) (6.58)
i=1
in 6.56 instead of equation 6.57, the shell element with the 5-DOF system of the
continuum mechanics based shell finite element is obtained.
Substituting equations 6.54 and 6.56 into equation 6.11, the covariant differenti-
ations of the translational and rotational components are obtained.
In this section, we presented how to get the the covariant differentiations of the
translational and rotational components when we use the displacement interpolation
in equation 6.40. Considering the finite element assemblage, when we use the dis-
placement interpolation in equation 6.38, we also need a change of bases ( the nodal
DOFs in terms of ui into the nodal DOFs in terms of Uj ) due to the local nature
of the ui. This is performed by the first equations of the equations 6.54 and 6.56 at
each node after obtaining the element stiffness matrix.
6.3.4 Strain and stiffness matrices
The final step in the element formulation is to construct the strain and stiffness
matrices. For the numerical implementation, it is complicated to use the constitutive
relationship in equation 6.22 in the formulation. We can use a simple formulation
which does not require the fourth order tensor of equation 6.22 but still gives the
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same results [4].
The covariant strains for the corresponding contravariant base vectors are imme-
diately obtained from equations 6.20,
(6.59)
in terms of the nodal displacements,
. 31 . ]T n 
. (6.60)U =ceU U2 ... Uis hn ... as
The complete strain tensor is then written as
3 3
eij(W o ) =
i=1 j=1
3 3
i:E (gj
where the strain matrix E contains all six strain components ( EXX, , Erz, EZZ Eyz, EZX
) in the global Cartesian coordinate system and the g are defined in equation 6.16.
The strain-displacement matrix B of the shell element is constructed as
F= BU, (6.62)
where i is [ EXX 6YY czz 2 ezx 2 Eyz 2czx ]T.
In order to apply the plane stress assumption, let us introduce the local Cartesian
shell-aligned coordinate system,
1 gXg# 3
119-1x 
3 11
g xe,
_ #3f x ef,'
t 1 3
_ = g .|Hg-3IV (6.63)
The strain in the local coordinate system ( f, e, t ) is then given
*= QBU = B*U, (6.64)
in which Q represents a matrix that transforms the strain in the global Cartesian
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(6.61)
eij = Bi U
U ) ,
system to the local Cartesian system. The elements of the matrix Q are obtained
from the direction cosines of the local base vectors ( e,, e, et ),
l1 rmn
l2m 2
l 3m 3
l1 m 2 + l2m 1
l2 m 3 + l3 m 2
l3 m 1 + l1 m 3
m i n,
m 2n 2
m3 n3
min 2 + m 2n1i
m 2 n 3 + m 3 n 2
m 3 ni + min3
nil,
n212
n313
nil 2 + n 2l1
n 2 13 + n3 l2
n1li + n 1 l3
11 = (,)1,
l2 = (4)1,
13 = ()1,
mi = (4e)2, ni = (4)3
M2 = (e)2, n 2 = (4).
m3 = (et)2, n3 = (et)3
The stiffness matrix of the shell element is numerically integrated,
K = jj j2 B*T CB*|Jtdj3drds,
2
where C is the stress-strain law containing the plane-stress assumption that the stress
normal to the shell surface is zero and IJI is the determinant of the matrix which
consists of the column of the 3D covariant base vectors, j. The matrix C is given by
E
1 -v 2
1
V
0
0
0
0
1
0
0
0
0
0
0
0
0
0
0
0
0
0
1-V
0
0
0
0
0
0
2
0
0
0
0
0
0
k "'
(6.68)
where k is a shear correction factor (We use k = 1.0 here.).
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m 2
2
M2
m 2
2m m 2
2m 2 m3
2m 3 m2
n 2
n 2
2
nl3
2nin 2
2n 2n3
2nni
2112
2121
21311223
21,12
where
, (6.65)
(6.66)
(6.67)
Gauss integration is used for integrating the element stiffness matrix in the indi-
vidual element domain. The proper integration order depends on the interpolation
order of the considered element. We do not use any reduced order integration tech-
niques. To keep the full effect of the term ,, in equation 6.20, we need to use the
3-point Gauss integration through the thickness of the shell element. However, since
the effect neglected is negligible when the thickness of the shell is small, just using
the 2-point Gauss integration is practically effective for reducing calculation time.
6.4 Discrepancy between shell finite elements
Let us make some remarks about the differences between the continuum mechanics
based shell elements and the shell elements based on the basic shell model.
The two shell finite element discretizations give the same results under the follow-
ing assumptions;
" The geometry is smooth enough and exactly interpolated by the shell finite
elements.
" The nodes are identical.
* The 63 are calculated from the nodal values and (a 3)' = (Vn)i at the nodes.
" The same interpolations are used.
However, in practice, these conditions are hardly fulfilled, see for example figure
6-4. While, in principle, surely by using exactly the same numerical assumptions
in both approaches the same results can be generated, in practice, the continuum
mechanics based shell element is more attractive because of its direct formulation.
6.5 Numerical tests
In this section, we compare the basic shell model based element and the standard
continuum mechanics based shell element through several numerical tests, and we
show that the element based on the basic shell model can be used in practice.
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(a) (b)
Figure 6-4: Continuum descriptions of shell bodies in practice; (a) Basic shell model
based shell element (b) Continuum mechanics based shell element
We compare the numerical results of the following shell elements;
" Continuum mechanics based shell element
- displacement based (QUAD)
- mixed (MITC)
* Basic shell model based shell element using the displacement interpolation in
equation 6.38
- displacement based (BSMu-d)
- mixed (BSMu-m )
" Basic shell model based shell element using the displacement interpolation in
equation 6.40
- displacement based (BSMU-d)
- mixed (BSMU-m)
6.5.1 One element test
We discuss the effect of the displacement interpolation by investigating the analysis
results of the displacement based 6-node triangular shell elements. Figure 6-5 shows
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three different one-element models. In model-1, all the nodes are in the X-Y plane
and all the mid-nodes are at the centers of the triangle edges. By moving the node
C of model-1 as shown in 6-5-(b), we obtain model-2. From model-2, we move again
the node C along the Z-axis and then obtain model-3. The structures are subjected
to the 3D tip load (P = [1, 1, I]T) at the node D and the edges along AB are fully
clamped. The director vectors at the nodes are normal to the surface for the three
cases.
We compare the strain energies stored in the one-element models. Table 6.1 shows
the results for the displacement based 6-node shell elements, QUAD6, BSMU6-d and
BSMu6-d.
For model-1, since the covariant (or contravariant) base vectors are constant in the
element, we have exactly the same energies for the three 6-node shell finite elements.
For model-2, while the element BSMU6-d has the same strain energy as QUAD6,
BSMu6-d shows a different result. These results are as those we expected from the
results of the n-node truss element in the previous section.
For model-3, the strain energies of QUAD6 and BSMU6-d show some difference
but the discrepancy is much smaller than that between the QUAD6 and BSMu6-
d elements. The discrepancy between QUAD6 and BSMU6-d can be explained by
the previous discussion about the differences of the shell normal vectors between the
continuum mechanics based shell element and the shell element based on the basic
shell model.
6.5.2 Strain energy in rigid body mode
We consider the full model of the partly clamped hyperbolic paraboloid shell problem
shown in figure 6-6 without any constraint and prescribe unit dispacements ( U1 =
U2 = U3 = 1.0 ) at all nodes. We then calculate the strain energies,
Energy = UKU. (6.69)
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Figure 6-5: One-element models for the 6-node shell finite element ( E = 1.7472. 107,
v = 0.3 and thickness = 1.0 ); (a) Model-1, All mid-nodes are at the center of the
edges. (b) Model-2, The node C moves out of the center from Model-i (c) Model-3,
The node C moves out of the X-Y plane from Model-2
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Table 6.1: Energy stored in the one-element models
QUAD6 BSMU6-d BSMu6-d
Model-1 1.0408989186E-05 1.0408989186E-05 1.0408989186E-05
Model-2 4.9754285158E-06 4.9754285158E-06 5.3154562998E-06
Model-3 4.5176439206E-06 4.1016030262E-06 9.5834348461E-07
Table 6.2: Energy stored in the partly clamped hyperbolic paraboloid shell problem
for the rigid body mode
The strain energy must be negligible for this structure because the given displacement
is clearly the rigid body displacement.
The test results are given in table 6.2. The table reports that the BSMu6-d model
stores a much bigger strain energy than the other element models.
The example of the n-node truss element in the previous chapter explains the
reason why the element BSMu6-d stores the big strain energy for the rigid body
mode.
6.5.3 Cylindrical shell problem
We consider the cylindrical shell problem introduced in the previous chapter. De-
pending on whether both ends are clamped or free, the asymptotic behavior of the
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MITC4 QUAD6 BSMU6-d BSMu6-d
2.00292E-07 6.39793E-07 9.95042E-07 4.69818E+03
Figure 6-6: The 8x8 mesh of the partly clamped hyperbolic paraboloid shell problem,
( E = 2.0 - 10", v = 0.3 and thickness = 0.001 ).
structure becomes membrane dominated or bending dominated. We just compare the
strain energies of the three different elements ( We are not interested in the accuracy
of solutions. ).
Table 6.3 shows the results of the clamped cylindrical shell problem. The QUAD6,
BSMU6-d and BSMu6-d models give similar strain energies and, particularly, the
solutions of QUAD6 and BSMU6-d are very close to each other as the number of
elements increases.
Table 6.4 reports the results of the free cylindrical shell problem. As the number
of elements increases, while the solutions of the QUAD6 and BSMU6-d models are
close to each other, the BSMu6-d model shows a much bigger strain energy.
For the clamped case ( membrane dominated problem ) the results of the three
elements match well but for the free case ( bending dominated problem ) the BSMu6-
d model stores more strain energy in the structure body. Since the BSMu element
cannot express the rigid body modes, it stores energy for rigid body modes included
in the bending dominated problem, which is more sensitive to rigid body motions
than the membrane dominated problem, and shows bigger strain energies than the
QUAD and BSMU models.
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Table 6.3: Strain energies of the clamped cylindrical shell problem
Element N t/L=1/100 t/L=1/1000 t/L=1/10000
2 3.98342E-04 3.99185E-03 3.99193E-02
QUAD6 4 7.06622E-04 7.12565E-03 7.12626E-02
8 8.44292E-04 8.65031E-03 8.65302E-02
16 8.75144E-04 9.13562E-03 9.14702E-02
2 3.97957E-04 3.98801E-03 3.98810E-02
BSMU6-d 4 7.06581E-04 7.12525E-03 7.12587E-02
8 8.44290E-04 8.65029E-03 8.65300E-02
16 8.75144E-04 9.13562E-03 9.14702E-02
2 4.20913E-04 4.22039E-03 4.22050E-02
BSMu6-d 4 7.29041E-04 7.36793E-03 7.36874E-02
8 8.49459E-04 8.73540E-03 8.73882E-02
16 8.75565E-04 9.15681E-03 9.17064E-02
Table 6.4: Strain energies of the free cylindrical shell problem
Element N t/L=1/100 t/L=1/1000 t/L=1/10000
2 3.58819E-02 3.60716E-01 3.60735E+00
QUAD6 4 4.57125E-01 4.88944E+00 4.89285E+01
8 3.59130E+00 7.27999E+01 7.35580E+02
16 6.63000E+00 9.86970E+02 1. 14714E+04
2 3.57779E-02 3.59683E-01 3.59702E+00
BSMU6-d 4 4.57003E-01 4.88829E+00 4.89170E+01
8 3.59118E+00 7.27987E+01 7.35569E+02
16 6.62998E+00 9.86969E+02 1. 14714E+04
2 1.11269E-01 1.13348E+00 1.13369E+01
BSMu6-d 4 1.43678E+00 1.82569E+01 1.83066E+02
8 5.60027E+00 2.77597E+02 2.89125E+03
16 6.91496E+00 2.76207E+03 4.54589E+04
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Table 6.5: Strain energies of the partly clamped hyperbolic paraboloid shell problem
6.5.4 Partly clamped hyperbolic paraboloid shell problem
We consider the partly clamped hyperbolic paraboloid shell problem well described in
the previous chapter. The structure is dominated by a bending behavior. Table 6.5
shows the strain energies of the problem calculated by the mixed elements ( MITC6-3,
BSMU6-3m and BSMu6-3m ).
The results report that the solutions of the MITC6-3 and BSMU6-3m models are
close to each other as the element size, h, becomes smaller. However, the BSMu6-3m
model shows different solutions.
6.6 Closure
In this chapter, we developed shell finite elements based on the "Basic shell math-
ematical model", whose behavior is equivalent to the continuum mechanics based
shell finite element. We discuss two different possible displacement interpolations
and the numerical results show the difference between these two approaches (BSMU
and BSMu).
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Element N t/L=1/100 t/L=1/1000 t/L=1/10000
2 8.97033E-04 6.78082E-01 6.65476E+02
MITC6-3 4 8.49733E-04 5.29929E-01 1.76888E+02
8 8.44307E-04 5.42140E-01 3.20703E+02
16 8.48299E-04 5.42180E-01 3.47849E+02
2 8.74635E-04 6.20917E-01 6.05501E+02
BSMU6-3m 4 8.48356E-04 5.29726E-01 1.77624E+02
8 8.44179E-04 5.42131E-01 3.20745E+02
16 8.48280E-04 5.42191E-01 3.47851E+02
2 9.47371E-04 2.61040E-01 1.97171E+02
BSMu6-3m 4 7.91497E-04 4.85238E-01 1.73626E+02
8 8.32070E-04 4.84975E-01 3.51307E+02
16 8.45893E-04 5.18551E-01 2.98564E+02
It is reported that the BSMU element proposed here can be used instead of the
continuum mechanics based shell finite element. The element can provide detailed
understanding of shell finite elements, because it allows to analyze and control all
strain components shown in equations 6.20 and 6.21. Also, the element gives a direct
connection between mathematical shell models and shell finite elements.
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Conclusions
The objective in this thesis is to develop continuum mechanics based triangular shell
finite elements which show uniform optimal convergence for general shell problems.
In chapters 1 and 2, we focused on the asymptotic behavior of shell structures
and the evaluation in finite element solutions. We first briefly reviewed the funda-
mental theory of the asymptotic behavior of shell structures in linear analysis. We
then developed some simple algorithms to evaluate this behavior and illustrate how
an asymptotic analysis of a shell structure can be performed. Three different shell
problems ( the original Scordelis-Lo roof shell problem, a modified Scordelis-Lo roof
shell problem and the partly clamped hyperbolic paraboloid shell problem ) were
analyzed. Through this study, we identified boundary layers, characteristic lengths,
and proper load-scaling factors, and observed the asymptotic change of energy dis-
tributions. Specifically, we observed that the proper load-scaling factor calculated
by several schemes can be used as an indicator of the asymptotic behavior of shell
structures. The study provides valuable reference values for benchmark problems
to test the robustness of shell finite elements and valuable information for engineers
designing shell structures.
In chapter 3, we presented a shell problem and its solution for which there is no
convergence to a well-defined load-scaling factor as the thickness of the shell decreases.
The non-convergence of the load-scaling factor is occurring with displacement oscil-
lations in the boundary layer varying with the shell thickness. The fact that these
changes in the oscillations are possible, and do occur, shows the high sensitivity of
the shell problem.
In chapters 4 and 5, we proposed a systematic way to construct spatially isotropic
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strain interpolations for MITC triangular shell finite elements. The method is me-
chanically clear as well as simple and is effective for the construction of MITC isotropic
triangular shell finite elements. We then constructed 3-node, 6-node and 7-node
MITC shell finite elements. For the selected elements ( MITC3, MITC6-1, MITC6-3
and MITC7), we performed numerical tests and showed convergence curves. We sug-
gest that the MITC6-1 and MITC6-3 elements can be used for the analysis of shell
structures in engineering practice in which the range of t/L is usually from 1/10 to
1/1000.
In chapter 6, we briefly reviewed the theory of the basic shell mathematical model
published by Chapelle and Bathe and presented the formulation of shell finite elements
based on it. We developed shell finite elements based on the basic shell model, whose
behavior is equivalent to the continuum mechanics based shell finite elements. The
numerical results show that the elements proposed here can be used instead of the
continuum mechanics based shell finite elements. An important point is that the
element gives a direct connection between mathematical shell models and shell finite
elements. This connection can be used in future studies to further improve shell finite
elements.
As an extension of this work, we recommend future works;
" In chapters 1, 2 and 3, we obtained fundamental information to choose bench-
mark problems of a shell finite element. Based on asymptotic analyses and
detailed solutions, a complete set of benchmark problems needs to be proposed
and their solutions need to be provided.
* In chapter 4 and 5, we developed isotropic MITC triangular shell finite elements,
which show excellent behavior in membrane-dominated and some but not all
bending-dominated test problems. It is still necessary to obtain uniformly opti-
mal triangular shell finite elements that behave equally well in all types of shell
problems.
" A key point is that the connection between the basic shell model (Chapelle and
Bathe) and continuum mechanics based formulations could be used to selectively
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mixed-interpolate different strain terms. This should allow to find still better
shell elements.
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Appendix A
General scheme for the numerical
calculation of the s-norm
Here, we propose a numerical technique to calculate the s-norm for shell finite element
solutions with general types of elements and general meshes.
The reference solution for the practical use of the s-norm is employed instead of
the exact solution and the target solution is compared with the reference solution.
The major difficulty of the s-norm calculation is to establish the mapping points
between the reference mesh and the target mesh. If the reference solution and the
target solution use the same type of elements ( especially quadrilateral elements )
with regular meshes, it is not so hard to find the mapping relationship. However,
for the mapping between other types of elements or between different meshes, it is
almost impossible to find the mapping.
Figures A-1-(a) and (b) show the reference mesh and the target mesh. In the
figures, (rref, Sref, tref) are the natural coordinates of the Gauss integration point
of the element in the reference mesh and (rh, Sh, th) are the corresponding natural
coordinates in the target mesh. Here, our goal is to find out (rh, Sh) from the given
(rref, Sref) because th - tref in shells.
The first step is to find the corresponding element in the target mesh. From the
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Figure A-1: Mapping between the reference mesh and the target mesh; (a) Reference
mesh, (b) Target mesh, (c) Triangular areas of a 4-node element in a target mesh
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given (rref, sref), we calculate (Xref, Yref, Zref )
n
Xref = hi(rref, Sref)xef
n
Yref hi rref , Sref )Yef (A.1)
n
Zref = hi(rref , sref) ef ,
and in the target mesh find the element which gives the minimum of the following
equation,
S i S I, (A .2)
S
where S is an area of an element in the target mesh, Si is an area of triangle which
consists of the point (Xref, Yref, Zref) and each edge of each finite element in the target
mesh and m is the number of nodes on the boundary of an element. For example,
Si, S2, S3 and S4 in figure A-1-(c) are the triangular areas for the 4-node element.
For an uncurved element mesh of a flat geometry, if the point (Xref, Yref, Zref)
is inside the element, IS - E' 1 Si| is equal to zero. Otherwise, it will be greater
than zero. Considering general geometries, it is enough to find the element for which
equation A.2 is minimized . For searching the element accurately in a general n-node
element mesh, we should consider all edges between nodes along the boundary of an
element to calculate areas of triangles.
The second step is to find (rh, Sh) in the corresponding element which is already
found. We need to find the solution which minimizes the nonlinear equation,
n n n
( hi (r, Sh)x X ref 2+( hi (rh, sh) y -Yref )2+( hi(rh, Sh)Z Z-e +,i h 2 . (A.3)
i=1 i=1 i=1
By employing a 2D bisection method, we can find (rh, Sh), the corresponding natural
coordinates in the target mesh.
Finally, we calculate the strains and stresses in (rref, Sref, tref) in the reference
solution and (rh, Sh, th) in the target solution and, by equation 5.5, the s-norm is
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obtained. This scheme can be used for shell finite element solutions ( reference or
target solutions ) with general types of elements and general meshes.
After implementing this procedure, we can ensure the eligibility of the implemen-
tation by checking
21 II = ref fref dQref = (the strain energy of the reference solution)
h ! h d ref ~ (the strain energy of the target solution).2 1A2 .r4ef
(A.4)
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Appendix B
Mathematical shell models
This section provides tables as a brief summary of mathematical shell models. In the
tables, the important variables regarding shell geometry, shell kinematics and math-
ematical shell models are defined and their meanings are explained. The appendix
summarizes the information given in reference [17].
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Meaning
Index variable
Curvilinear coordinates
Surface chart
2-D covariant basis
(basis of tangent plane)
Unit normal vector
2D contravariant basis
Unit normal vector
The first fundamental form of the surface
(2D) metric tensor)
Contravariant form of the 2D metric tensor
dS =1ad4'd42
Surface Christoffel symbols
The second fundamental form of the surface
(curvature tensor)
The third fundamental form of the surface
Mean curvature
Gaussian curvature
153
2D Surface Geometry
Definition
1, 2
Variables
a , 3
k 1,42)
a3
a, A a2
d, A a2
5a
i3 = a"
iia 
- ii P
5 a iigp
det(a.s )
da- ii
-- - ap
ab 
I- a
- tr(b" P
a
det(b)
P -
ia
a3
aa,
acco
a
b,
b"
CI
H
K
3D Geometry
Meaning
Index variable
Curvilinear coordinates
3D chart of shell
3D covariant basis
=&-43b, , &
3D contravariant basis
3D Metric tensor
g, = a., - 24 3bao +(43)2C,
9a3 = 0, g 33 =1
Contravariant form of the metric tensor
dV = Fgd4Id42d43
g=a(1- 2H 3 +K(4 3 ) 2) 2
3D Christoffel symbols
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Variables
i, j, k
iD(4 '1,4 )3
Definition
1, 2, 3
k 14 2) +4 3ii34 12)
1,( 2 4)
g
g
g, kj
det (ga)
j - k k
Displacements and Strains
Variables Definition Meaning
, $ 1, 2 Index variable
a ,3 Curvilinear coordinates
-i( 14 2 The global infinitesimal translational displacement of The global infinitesimal( a material point translation displacement of the
mid-surface of the shell
1 2 01: Rotation about a 2 vector The infinitesimal rotations of
02: Rotation about - di vector the material line
The global infinitesimal
U(4 1,42, 3) i(41,42)+(43)(X(41,4 2)i(41,42) displacement of all particles in
the shell
0 0X ax Rotation vector
Surface covariant derivative0 ~ 0 EXO0alp a, -p Fa
1
a.(i,6) -(0, + u ± bxux) Shear strain tensor2 +
1 (Membrane strain tensor,
yap (i) -(Ua, + ) - bap U3 Linearized change of metric
2 tensor
(4 3 ) Xap i, Q) (4 1)[-1(0cl +0pl -bxu,, b'
2 ) + - -b u )+ CaOU 3 ] The first bending strain tensor
(4 3) 2 K (2_) (4 3)2(b6x + bkogX The second bending strain
~' 2 0 akptensor
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The basic shell model
Cax ea (G)e , (V)dV + Da ea (U)eX 3()dV =f - FdV
Variables Definition Meaning
U(41,42, 3 ) i 42)+ 3 1 2 414 2) Unknown displacement
P(4 1,4 2  3)2)+ (4 1)X(4 2 4 2) Arbitrary test function
e., 7 0 (ii) +(4 ),X, (,_)-(41)2 Q)In-plane strain of the basic shelly~ (7) (~)x~ i7,) -(~ 3 )Kap(Q)model
Transverse strain of the basic
shell model
C E (gal g a , + gapg X +-2v _ ap xp In-plane strain-stress2(1 -v) 1-v constitutive equation
2E ax Transverse shear strain-stress
D" 1+V 9 constitutive equation
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The shear-membrane-bending shell model ( s-m-b shell model)
(Uie , (j)dV + J bx e3(U)e .3 (V)dV =JF-VdV
C"P [tyx (ii)y ,(3) + L x a (ii,) (G)]dS+k t D" g (i,_); (G,3)dS = tF - dO> 12 f> tbx a(i _) 6> S .t -6d
Variables Definition Meaning
Oj(4 1,42,43) i(4 ,4 2) +(4 )OX (41,4 2)ii (41,4 2) Unknown displacement
P(41,4 2 , 3 ) 1(41,4 2)+(4 )q (41,4 2)i (41,4 2) Arbitrary test function
N In-plane strain of the s-m-be C .P(ii) + (Wj)xaj"(i, shell model
N Transverse strain of the s-m-b
e (3 shell model
& XP, E (a"-a P" + a"'a P + aaa x) In-plane strain-stress
2(1 --v) 1 -v constitutive equation
2E a Transverse shear strain-stress
1+v constitutive equation
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The membrane-bending shell model ( m-b shell model)
f aeK (U)e, (YV)dV = f -dV
3
[t ypx s ([ )yY(C)+ 1 p (ii)p ()]dS t -6 dS
Variables Definition Meaning
U(4 142 ) i(,4 2 ) + 3 1 2 (4, 2) Unknown displacement
P(4 1,4 2 3 ) ;(4 ,4 2)+(4 4 2i (4 2) Arbitrary test function
3a (i) (4 3Xu 331 + b, u, + b'u. + - Ca'u) Bending strain tensor of the m-bP CaP U3 shell model
e, (,) -- (I n-plane strain of the m-b shellY'A model
aPx E (a ax a aP + + aap a X) In-plane strain-stress
2(1 -v) 1 -v constitutive equation
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